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We study the thermodynamic behavior of a simple off-lattice model for protein folding. The model

is two dimensional and has two different “amino acids.” Using numerical simulations of all chains
containing eight or ten monomers, we examine the sequence dependence at a fixed temperature. It
is shown that only a few of the chains exist in unique folded state at this temperature, and the energy
level spectra of chains with different types of behavior are compared. Furthermore, we use this
model as a testbed for two improved Monte Carlo algorithms. Both algorithms are based on letting
some parameter of the model become a dynamical variable; one of the algorithms uses a fluctuating
temperature and the other a fluctuating monomer sequence. We find that by these algorithms one
gains large factors in efficiency in comparison with conventional methods19@5 American
Institute of Physics.

I. INTRODUCTION pendence, we have carried out numerical simulations of all
possible chains containing eight or ten monomers at a fixed
The protein molecule is a very complex system, and untemperature. We find that only a few of the chains exist in a
derstanding the folding of natural proteins remains one of theinique folded state at this temperature. These chains have a
most challenging problems in biophysics. In recent yearselatively high folding temperatur€; . This property is im-
there has been an increasing interest in understanding th@rtant because the dynamics tends to be very slow at low
relevant mechanisms of the folding process by studying simtemperature. Chains with a high are therefore more likely
plified models. Several authors have used ideas from spino satisfy both the thermodynamic and kinetic requirements
glass theory to gain useful insights into the behavior of selffor folding. We have also determined the low-lying energy
interacting random chairis® The picture emerging from |evels of a few different sequences. Sequences with good
these studies is that the phase diagram consists of coil, glofolding properties are expected to exhibit a large stability
ule, and frozen phases. In the frozen phase the system exigjap!* which is defined as the energy gap between the native
in one of a number of different states, each corresponding tetate and the lowest of all states with little structural similar-
a fairly well-defined shape. This phase is interesting from thety to the native state. The stability gaps of the sequences we
viewpoint of proteins, but for a generic random sequence ihave studied show a wide variation, and, as expected, it is
appears impossible to identify a state corresponding to thirge whenT; is high.
unique native state of a protein. This first part of our study shows that the model displays
The sequence dependence of the folding properties hasteresting features for relatively short chains. It has been
been studied numerically in various mod&1s? An exten-  performed by using the well established hybrid Monte Carlo
sive study was reported recently bglBet al,** who exam-  algorithm?’ In the second part of the paper, we use the
ined the behavior of 200 randomly selected sequences in @odel as a testbed for two algorithms that are meant to fa-
lattice model with contact interactions. It was found that 30cilitate the study of longer chains.
of these exhibited a folded state which was both thermody-  Simulations of heteropolymeric chains at low tempera-
namically dominant and kinetically accessible in a reasonture are notoriously difficult, due to the presence of high
able time. The existence of folding and nonfolding sequencefree-energy barriers separating different folded states. The
has been observed also in off-lattice mod&lbut much less  problem is that any local algorithm requires the system to
is known about the behavior of such models. In this paper wgass through these barriers, which leads to a suppression of
study the thermodynamic behavior of different sequences ifransitions between different free-energy valleys. A method
a very simple off-lattice model. designed to overcome this difficulty is the multicanonical
The model studied has been proposed by Stillingemonte Carlo algorithn® which is closely related to the
etal™ It is two dimensional and has only two kinds of umbrella-sampling methdd. The trick used here is to simu-
“amino acids.” In Refs. 15 and 16 the energy and structuréiate a modified energy function which one tries to choose so
of the ground state was determined for all possible chaings to eliminate the free-energy barriers. The canonical distri-
with seven or fewer monomers, and an interesting interprepution is then extracted by means of the reweighting
tation of the results was obtained by employing neuraltechnique?
network techniques. In this paper we study the behavior of  An alternative approach is provided by the method of
the model at finite temperature. To study the sequence d&imulated temperingt In this method the temperature be-
comes a dynamical variable which takes values ranging over
Jirback@thep.lu.se a definite set. In this way one tries to utilize the fact that at
Yfrank@thep.lu.se higher temperature the free-energy barriers are lower. In Ref.
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21 this method was successfully applied to the random-fieldjeneric energy level is fourfold degenerate for symmetric
Ising model. The idea to let some parameter of the modetequences, and twofold degenerate for asymmetric se-
become a dynamical variable has subsequently been useddaences. In numerical simulations these symmetries provide
accelerate simulations of other systems,%3° It had ear-  useful checks on effective ergodicity breaking.

lier been shown by Lyubartsest al?® that this is a useful The behavior of the model at finite temperatureis
method for calculating the free energy. defined by the partition function

In this paper we investigate the use of the dynamical- N—1
parameter method in simulating heteropolymeric chains. We 2(T ZJ' do lexa —E(6.6)/T 3
consider the simulated-tempering algorithm, and also another (T.9) iy = E(6.9)/T). ®

algorithm of the same type which we call the multisequencel_hat theT dependence of this simple model exhibits an in-

algorithm. In this algorithm the sequence degrees of freedo : : .
become a dynamical variable, which means that a number g}ferestmg phase structure will become clear in Secs. IV and V.

different monomer sequences are simulated in parallel. We

compare the performance of these two algorithms with that

of hybrid Monte Carlo. Our results show that by the Ill. THE ALGORITHMS

dynamical-parameter _ algorithms one greatly redu_ces thg_ Hybrid Monte Carlo

amount of computer time required for a representative sam-

pling of the different folded states. We give a brief description of the hybrid Monte Carlo
The plan of this paper is as follows The model is de-algorithm!” which is a general method for simulating sys-

scribed in Sec. Il and the algorithms in Sec. Ill. Section IvVtems with continuous degrees of freedom at constant tem-

deals with homopolymers, whereas general sequences aperature. More about the use of this method in simulating

studied in Sec. V. In Sec. VI we present the results of oupolymers and proteins can be found in Refs. 27-30.

tests of the dynamical-parameter algorithms. Section VIl isa  The algorithm is based on the evolution arising from a

summary. fictitious Hamiltonian, which in our calculations was taken
as
Il. THE MODEL N—1
The model studied has two kinds of monomers, to be HMC(Wvg):EE T +E(0,6)IT, 4
1

calledA andB. The monomers are linked by rigid bonds of 2

unit length to form linear chains living in two dimensions. wherer; is an auxiliary momentum variable conjugatefo
For anN-mer we specify the sequence of monomers by thelhe first step in the algorithm is to generate a new set of
binary variables¢,,...,&y and the configuration by the momenta m; from the equilibrium distribution P(r;)
anglesf,, ...,0y_1, where6, denotes the bend angle at site = exp (— 72/2). Starting from these momenta and the old

and is taken to satisfyg;| < «. The energy function is configuration, the system is evolved through a finite-step ap-
N—1 N-2 N proximation of the equations of motion. The configuration
E(0,8)= E.(0.)+ E (& &), 1 generated in such a trajectory is finally subject to an accept-
(6.6) 22 1(02) 21 j=i2+2 Al i) (@) or-reject question. The probability of acceptance in this glo-
where bal Metropolis step is min(1, exp{ AHyc)), whereAH

is the energy change in the trajectory. This accept-or-reject

E1(6)=31— cos¥)), step removes errors due to the discretization of the equations
12 _6 (2 of motion.

Balrij, &, &) =4(r; = C&, &)r;; When integrating the discretized equations of motion,
andrj; = ri(641,...,0;_1) denotes the distance between two sites of the chain can come so close to each other that
sitesi andj of the chain. The tern,(#6;) favors alignment the hardr 12 repulsion causes numerical instabilities. To
of the three successive sites1,i andi+1. The nonbonded avoid this problem, we have used a modified, linear potential
interactionsk, are Lennard-Jones potentials with a speciesfor very small monomer—monomer separations. The effect
dependent coefficier@(§; ,¢;), which is taken to be 1 for an of this on the sampling distribution was negligible, as the
AA pair (strong attractioy) 1/2 for aBB pair (weak attrac- original and modified Boltzmann weights were both ex-
tion), and —1/2 for an AB pair (repulsion. Consequently, tremely small in this part of configuration space. In our simu-
there is an energetic preference for separation between thations none of the accepted configurations belonged to the
two kinds of monomers. In fact, it was demonstrated in Refregion with modified potential.
15 that ground-state configurations tend to have a core con- The algorithm described above has two tunable param-
sisting mainly of A monomers, which shows th#t and B eters, namely the step size and the number of steps in each
monomers behave respectively as hydrophobic and poldrajectory,n. In our calculations we have used trajectories of
residues. lengthne=1 and values oh between 50 and 125.

The energy is, for fixed sequence, a function only of the It has been shown how hybrid Monte Carlo can be used
angles;, and is therefore translationally and rotationallyto simulate efficiently various homopolymers with
invariant. In addition, it is invariant under reflection self-repulsiorf® However, in the application considered here,
(,——6;, for all i) and change of the orientation we expect the efficiency of hybrid Monte Carlo to be similar
(6;— On_ij+1 and &—&n_i4q for all i). This implies that a to that of conventional methods.
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B. The dynamical-parameter method trajectory followed by 100 Metropolis steps kn In the final

A simulation method meant for systems with a roughrun’ after adjusting thg,’s, about 4% of the cycles led to a
ahange ofk.

free-energy landscape is the dynamical-parameter method.
The basic step in this approach is to create an enlarged con- The_ acceptance ratoe for tmeupd_ate depends ok and
figuration space by introducing a new varialleThis vari- was typically around 90%. The fraction of the total computer

: o, i .
able can takeK different valuesk=1.... K, which corre- time spent ork updates was about 12% in our multisequence

spond to different values of the parameters of the model. Iﬁ:alCU|a.tIOI’IS ?n? T““Ch I\}es_s thﬁn %’ |r(1j ourl smulﬁted—
this way one tries to circumvent the barriers in the originaltemperlng calculations. Notice that theupdate leave the
free-energy landscape. energy unchanged in simulated tempering.

We use the dynamical-parameter method to simulate the In simulated tempering it is possible .to avoid a IC.JW ac-
Boltzmann distributiorP,. 1(6) = exp (— E(6,9/T) for fixed ceptance rate for th& update by choosing a sufficiently

(k) . . - .
sequencet and temperaturd. To do that, we assign one ?hense(allpd large set ?fT 'ths. Th_e 5|tu?ht|on IS dlfrfggnt for
sequenceé, and one temperaturd®, to eachk, taking € multisequence aigorithm, since the sequencesare

£ = ¢ andT® =T for somek. Using standard methods, we picked from a discrete set. If the acceptance rate is low in a
then simulate the joint probability distributio(8 k’) multisequence simulation, it may be useful to introduce aux-
o exp (— g — E(6,£9)T®), where they,'s are constanté that iliary sequences that interpolate between those of the model

will be discussed below. Finally, knowing(6,k), one can studied.
obtain the distributiorP ., t)(#), for anyky, by simply
restrictingP(6,k) to the subspace of fixeki=Kkj. IV. HOMOPOLYMERS

We study two different algorithms of this type, simulated
tempering! and the multisequence algorithm. The difference  We begin our study of the model defined in Sec. Il by
between these algorithms lies in the choice of the %@} investigating the behavior of homopolymers and how that
and {T‘k’}. In simulated tempering the temperature fluctu-depends on the temperature. The numerical simulations dis-
ates, while the sequence is held fixed, i&})=...=¢®).  cussed in this and the next section have been performed by
The multisequence algorithm, on the other hand, uses a set aing the hybrid Monte Carlo method.
different sequences and a fixed temperature, i.e., Itis well known that the importance of the © terms in

TO= =TK), the potential varies with the temperature. At high tempera-
Theg,’s are free parameters that determine the weightsdure the influence of these terms is weak and the chains are
py of the differentk values, which are given by expected to behave essentially as self-avoiding walks. At low

temperature, on the other hand, they give rise to a strong
exp — g Z effective attraction between monomers of the same type,
k) £k ; .
e which leads to globular chains.
2y exXp— G ) Zs To study how the extent of the homopolymers varies
with the temperature, we carried out numerical simulations
wherez,=Z(T®, £0). The method is free from systematic for N=8 and 12. In Fig. (a) we show the results for the
errors for any choice of thg,’s, but the efficiency depends ratioR = (r@/(réyr), wherer .. denotes the end-to-end dis-
strongly on these parameters. In fact, if they are not chosetance and 4, the radius of gyration. At high temperature the
carefully, it can easily happen that the system gets trapped a¢sults are fairly close t®R~7.13, which is the value ex-
a fixed value ofk. In our calculations they,’s have been pected for two-dimensional self-avoiding walks in the limit
chosen so as to obtain a roughly unifokmdistribution. To  N—2.3233The corresponding value for ideal and quasi-ideal
that end, we used a number of trial runs, as will be describedhains isR=6. Values ofR less than six indicate that the
in Sec. VL. If thep,'s corresponding to some choice of the system is in the globule phase. From the figure we estimate
g¢'s are known, the uniform distribution is obtained by re- that both the homopolymers are in the globule phase if
placingg, by gy + In py. T<0.3. Ourstudy of general sequences, which will be dis-
Next we turn to our simulations of the joint distribution cussed in the next section, has been carried out using
P(6,k). For the 6 update we have employed the hybrid T=0.2.
Monte Carlo method described above. To facilitate compari-  Even thoughA and B homopolymers are both compact
sons, we used the same valuesnoénd € as in our hybrid atT=0.2,they behave slightly differently. This can be seen
Monte Carlo runs. Our updates kfwere ordinary Metropo- from the probability distributions of the total bend angle
lis steps®® In our simulated-tempering runs we used an or-= Ei’\':_zlai which are shown in Fig. (b). The distribution for
dered set of allowed temperature values and chahkged the A chain has many narrow peaks, while that for e
steps of=1. Each hybrid Monte Carlo trajectory was fol- chain is dominated by a single, broad peak. The origin of this
lowed by one Metropolis step ik, and the average accep- difference becomes clear when studying the low-lying en-
tance rate was 79% for thke update. In our multisequence ergy minima. To determine local energy minima we have
runs we chose to work with all possible sequences with @mployed a quenching procedure; during a Monte Carlo
fixed composition, i.e., with fixed numbers @& and B simulation at fixed temperature, the system was quenched to
monomers, and the updates kf corresponded to inter- zero temperature at regular intervals by using a conjugate
changes of the monomers at two randomly chosen sitegradient method. In Fig. 2 we show the minimum energy
Here, one update cycle consisted of one hybrid Monte Carlgonfigurations foiN=12. After checking the results by re-

Px=
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FIG. 1. (a) The temperature dependence of the riie- (r2y/(r%,) for A FIG. 2. Ground-state configurations for tt@ A and(b) B homopolymers
(plusesN=8, diamondsN=12) and B (crossesN=8, squaresN=12) with N=12.
homopolymers(b) Histogram of the total bend angéfor A (solid line) and
B (dotted line homopolymers witiN=12 atT=0.2.
To get a measure of the fluctuations in shape, we intro-

) _ i duce the usual mean-square distance between configurations.
peated use of simulated annealing, we feel confident that,, o configurationg andb we define

indeed these are ground-state configurations. Also, we N
checked that_a_ll th(_e four symmetry related copies of these _ min EE K12 (b2 ®
states were visited in the simulations. ab =R Pl

The structure of the ground state is the result of an in- —a) —b) _ )
terplay between the bend energy and the Lennard-Joné§2)ere|Xi_(b)_ X |_g)e”0t952 the distance between the sites
terms. In Fig. 2 the sites of th& chain approximately reside Xi~ andx™ (i ,xi e R?), and where the minimum is
on a regular triangular lattice, which is not true for tBe taken over translations, rotations and the discrete symmetries
chain. This reflects the fact that the bend energy plays a mor@iscussed in Sec. Il. The probab|2I|ty d|str|but|on'6?f for
important role for theB than for theA chain, which has fixed temperature and sequeng¥4™), can be obtained nu-
deeper Lennard-Jones potentials. The lattice structure cdRerically and is very informativ& as it describes the mag-
also be seen in other low-lying states of théomopolymer, nitude of the thermodynamically relevant fluctuations. To de-

and is responsible for the many distinct peaks in éhdis-  termineP(5%), we computeds for every possible pair in a
tribution [see Fig. 1b)]. set of 2000 configurations, recorded at intervals of 100 tra-

jectories or more.

We have calculated? (4 2) for all the 136 distinguish-
able chains withN=8 (the number of distinguishablen2

Our study of general sequences has been carried out ussers is 2~ 1(2" + 1)). In Fig. 3a) we show the average
ing N=8 and 10 and a fixed temperatufe=0.2. At this  values(s?) of these distributions, plotted against the number
temperature the homopolymers have a compact form, buif B monomers. This figure shows that?) varies consider-
large fluctuations take place in the positions of the individualably, and that values occur which are much smaller than
monomers. As will be shown in this section, there are mixedhose for the homopolymers. In Fig(t we showP(52) for
sequences which, by contrast, exist in a unique state of fairlthe sequences S1-4 in Table I. S1 and S2 are the two ho-
well-defined shape. mopolymers. S3 has the smallest average véfi® of all

V. GENERAL SEQUENCES
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FIG. 3. (a) Average valuegs?) for the 136 chains witiN=8, plotted
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FIG. 4. (a) Histogram fors? for the sequences SBlashes S6 (dots, S7

against the number & monomers. The statistical errors are roughly of the (solid), and S8(dot—dash (see Table . The distribution for S7 has been

size of the plot symbols(b) Histograms of 52 for the sequences S1
(dashey S2(dot9, S3(solid), and S4(dot—dash (see Table)l The distri-

bution for S3 has been normalized to 1/3.

the 136 sequences. S4 has the same composition as S3 bu[t a
more typical(s?). That the shape oP(5?) is irregular for
the A homopolymer is due to the lattice structure discusse
above. It should become smoother with increadind-or S3
the distribution is dominated by a single, narrow peak lo-
cated at lows 2, which shows that this chain exists in a state
of fairly precise shape. There are othér=8 chains which
exhibit the same type of behavior. However, the number o
such sequences is small, as can be seen from the aver

values in Fig. 8).

TABLE I. Sequences referred to in the text. The average values were o

tained atT=0.2.

normalized to 1/5(b) Monte Carlo evolution of the total bend anglefor
the chain S7. Data have been taken every 10 000 trajectories.

The folding temperatur&; may be defined as the lowest
emperature at whicks2) takes some suitably chosen value

. For reasonable choices of it is clear from Fig. 8a) that
he number oN=8 sequences with;>0.2 is small.

To test the size dependence of these results, we have also
studied the chains containing ten monomers. First we per-
formed short simulations of all the 528 chains of this length.
]Even though some of these simulations were too short, the
areesults clearly showed that most of the chains do not exhibit

9well-defined shape at this temperature. Notice that too
short runs tend to give underestimates(f). After these
preliminary runs, we picked out the four sequences S5-8 in
Table | and performed longer simulations of these. S7 is the
bl'\|=10 sequence with smalle$6?), according to the pre-

liminary runs, and S8 is a sequence with the same composi-

tion as S7. In Fig. @) we showP(452) for S5—8. The result

of the longer run confirms that S7 exists in a unique folded
state. Since the sequence is asymmetric, there are two copies
of this state. From Fig. #) it can be seen that these sym-
metry related states were both visited in the simulation, but

N Sequence (& (ram
S1 8 AAAAAAAA 0.482) 1.2623)
s2 BBBBBBBB 0.792) 2.312)
S3 AABBBBAA 0.0816) 1.5555)
S4 ABAABBBA 0.572) 1.9192)
S5 10 AAAAAAAAAA 0.7786) 1.6332)
S6 BBBBBBBBBB 1.16412) 2.941(11)
s7 AABAABAABA  0.0908) 1.7072)
S8 ABAAAABABA 0.51q12) 1.82712)

transitions from one state to the other are rare.

The results presented so far in this section were obtained
at a fixed temperature. Let us also briefly discuss the transi-
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% os 1 15 2 25
T VI. TESTS OF THE DYNAMICAL-PARAMETER
—I T 1T | T T 1T I L ! L | TTrorT I I_ ALGORITHMS
1.25 E : - We have tested the performance of the two dynamical-
C . parameter algorithms described in Sec. Il using several dif-
1oo = I ferent sequences. The results obtained for the different se-
C 1 quences were qualitatively very similar. For clarity we focus
Ng 075 — = here on the results for a specific sequence, naniely
v - . BAAABBAAatT=0.17.
0.50 — In Fig. 7(a) we show the probability distribution of the
] total bend angled = =N-'6,, which is dominated by three
0.25 |- b) narrow and well separated peaks. By measuring mean-square
& ] deviations[cf. Eq. (6)], we checked that the central peak
0.00 Dol Lo biwen bews 1 represents small fluctuations around the minimum energy

0 0.5 1 1.5 2 2.5

T configuration, which is shown in Fig.(B). The next-lowest

energy minimum is shown in Fig.(@), and is very similar to
the lowest minimum if one neglects the chain structure.
However, for the next-lowest minimum we hawe=6.1,
which coincides with the position of the rightmost peak in
P(6). The third peak, ab~—6.1, is related by symmetry to
the one at#~6.1.

S7. We compare the behavior of S7 with that of S8, which  When simulating this system by standard methods, the
has a folding temperature lower than 0.2. In Figa)5wve major difficulty is that transitions between the three different

show the temperature dependence([ﬁyr) and (59. The regions correspondingl to these peaks are strongly sup-
radius of gyration is similar for the two sequences, which ispressed. By the dynamical-parameter _rr_1ethod one can greatly
expected since they have the same composition, and it gdmprove the frequency 'of these transitions, as will be seen
creases gradually as the temperature is decreased. The teRf/OW- Frequent transitions between the two symmetry re-
perature dependence 6§2) is more dramatic. We see that
the transition from a high-temperature state with large fluc-
tuations in shape to a frozen shape is fairly abrupt for S7. o T ] b
Finally, let us compare the energy level spectra of the ~ 1
sequences S3 and S5-8. We have seen that S3 and S7, unlike
the other three sequences, have a folding temperature higher
than 0.2. In Fig. 6 we show how the low-lying local energy
minima are distributed in thej, AE) plane, wheres; is the 2
mean-square distance to the lowest minimum foLofdEq. -

(6)] and AE is the energy difference to this minimum. The AAA
Ll

FIG. 5. Temperature dependence(@f(rgyr> and(b) (8?) for the sequences
S7 (diamond$ and S8(squares (see Table )l

—
ey}
I
|

1.0 — ]

oL

0 5
0

c)

minima were determined by using the quenching procedure
mentioned in Sec. IV, and the figure shows all the minima
found with AE<<0.9.From the figure it can be seen that for
S7 there is only one minimum withAE<0.9. For S3 there
are two such minima which are structurally very similar. The
stability gap defined in Sec. | is therefore large for both the
.Sequences Wlt.h .hl.gﬁ-f’ as expegtgd. The behavior qf S3 FIG. 7. (a) Histogram of the total bend ang (b) Ground-state configu-
illustrates that it is important to distinguish between this gapagion. (c) The next-lowest local energy minimum. Open and filled circles
and the energy gap between the two lowest of all minima. represens andB monomers, respectively.

0.0
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lated regions can, of course, also be obtained by incorporat- o 1] SN IR PRPEPUY APRVITU B
ing global, random flips of the signs of th&’s into the 0 025 05 0% . 1 1.25
update scheme. The important and nontrivial problem is to Its. x 10
obtain transitions that connect these two regions with the
6~0 region.

. . . FIG. 9. Evolution of the total bend angtgin three different simulations.
Before running the dynamical-parameter algorithms, one

has to determine the parametagys. We have done that in

slightly different ways for the two algorithms. In our multi- three different regions mentioned above are indeed much
sequence runs the set of sequerg®sconsisted of all the 60 more frequent in the dynamical-parameter simulations than
sequences containing sevénand threeB monomers. To in the hybrid Monte Carlo simulation. In the hybrid Monte
determine the correspondirgy’s, we carried out four trial - Carlo run there are only six transitioritiree of which are
runs, covering a total of 10° update cycles. After each of gifficult to see in the figurein 8x10° trajectories, and one of
these runs theg,’s were adjusted, using the measuredine three regions is, in fact, never visited. By contrast, every
weightsp as described in Sec. Ill. In Fig. 8 we show the 60 regjon is visited many times in the two other runs, even
different weights before and after the tuning procedure. Nongnoygh these are shorter. The frequency of transitions to and
of the finalp,’s is smaller than 1/21/60~0.008. from the region with 6~0 is respectively 9410 * and

In our simulated-tempering runs there were 12 alloweds 7105 per update cycle in the simulated-tempering and

which were equidistant in T/. Here, we first performed The improved transition frequency is the major advan-
short hybrid Monte Carlo simulations, each consisting Oftage of the dynamical-parameter simulations. In addition,
1000 trajectories, to get rough estimates of the average efhese simulations can be used to study several different tem-
ergy at these temperature valugs), . We then pug;,=0  perature values or sequences. The disadvantage of the
andgy—1 = gk — (E)(1/TY = 1/TM) fork<12.Thisre-  method is that a number of trial runs are needed in order to
lation betweengy_; and gy is obtained by requiring that getermine they,’s. In our simulated-tempering and multise-
Pk-1 = Py and neglecting terms that are of order 2 or higherguence calculations we have spent, respectively, 12% and
in 1/T¢"1 — 1/T®. One of theg,'s can be chosen freely, 309, of the total computer time on trial runs. Let us stress
since only the differences between them are relevant. Tenat the total cost of each of these two calculations is still

fine-tune theg.’s, we finally carried out two simulated- considerably lower than that of our hybrid Monte Carlo run
tempering runs, each consisting 0b2 10* update cycles. (cf. Fig. 9.

Having chosen theg,’s, we performed one long produc-
tion run for each of the two algorithms. In Fig. 9 we show
the evolution of § in these simulations. Only data corre-
sponding toT=0.17 andsequenceAABAAABBAAare We have studied numerically the finite-temperature be-
shown, and they are plotted against the total number of uphavior of a simple off-lattice model for protein folding. All
date cycles. Also shown in Fig. 9 is the result of a hybridpossible chains containing eight or ten monomers were stud-
Monte Carlo run. The same values of the simulation paramied at a fixed temperature, which was chosen low enough for
etersn and e have been used in the three different runs. Theall the chains to be fairly compact. We showed that most of
CPU time per iteration is therefore very similar for the hy- the chains undergo large fluctuations in shape at this tem-
brid Monte Carlo and simulated-tempering runs, and 12%perature, while a few exist in a unique state of well-defined
higher for the multisequence run. shape. We determined the low-lying local energy minima for

From Fig. 9 it is evident that transitions between thea few different sequences, and found that the stability gaps

VIl. SUMMARY
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