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Overview I

Pseudoscalars are special

Chiral Perturbation Theory

The LECs at NLO

Calculations that exist at order p°

N — 3T

© o o o o @

“What am | doing now?” or “What is the way out?”
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Pseudoscalars are special I

Chiral Symmetry

QCD: 3 light quarks: equal mass: interchange: U(3)y

But Locp = »  [iqPar +iqrPar — mq (Grar + qLqr)]
q=u,d,s
Soifmy,=0then U(3), x U(3)g.
Can also see that via _ov<emgF 0=
q v=c,mg=0=> ‘q
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Pseudoscalars are special I

Chiral Symmetry

QCD: 3 light quarks: equal mass: interchange: U(3)y
But Locp = »  [iqPar +iqrPar — mq (Grar + qLqr)]
q=u,d,s
Soifmy,=0then U(3), x U(3)g.
# Hadrons do not come in parity doublets: symmetry
must be broken
o A few very light hadrons: 7’777~ and also K, n

# Both can be understood from spontaneous Chiral
Symmetry Breaking

#® Anomaly: really SU(3)r, x SU(3)r
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Goldstone Modes I

UNBROKEN: V (¢) BROKEN: V(¢)

Need to pick a vacuum

(p) # 0: Breaks symmetry
No parity doublets
Massless mode along ridge

Only massive modes
around lowest energy
state (=vacuum)

For QCD: (¢) #0 — (qq) # 0
SU(B)L X SU(S)R — SU(B)V

Explains why pions, kaons and eta light
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Chiral Perturbation Theory I

Exploring the consequences of the chiral symmetry of QCD
and Its spontaneous breaking using effective field theory
techniques

Trento 29/9/2008 Chiral Mesons at Two Loops: Recent Progress Johan Bijnens p.5/48



Chiral Perturbation Theory I

Exploring the consequences of the chiral symmetry of QCD
and Its spontaneous breaking using effective field theory
techniques

Derivation from QCD:
H. Leutwyler, On The Foundations Of Chiral Perturbation Theory,
Ann. Phys. 235 (1994) 165 [hep-ph/9311274]
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Chiral Perturbation Theory I

Degrees of freedom: Goldstone Bosons from Chiral
Symmetry Spontaneous Breakdown (without n’)
Power counting: Dimensional counting in momenta/masses

Expected breakdown scale: Resonances, so M, or higher
depending on the channel
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Chiral Perturbation Theory I

Degrees of freedom: Goldstone Bosons from Chiral
Symmetry Spontaneous Breakdown (without n’)
Power counting: Dimensional counting in momenta/masses

Expected breakdown scale: Resonances, so M, or higher
depending on the channel
Power counting in momenta: Meson loops

p> (p*)* (1/p*)?p* = p*

[ty y (p?) (1/p*) p* = p?
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Lagrangians I

U(p) = exp(i/2®/Fy) parametrizes Goldstone Bosons

(5o e
_ _ ™ p
P(x) = T _\/§+\/86 f;;
_ = 8
\ K =5

LO Lagrangian: Lo = %{(DMUTDMW + <XTU + XUT>},

DU = 0,U —ir, U +iUl,,
left and right external currents: r(l), = v, + (—)ay

Scalar and pseudoscalar external densities: x = 2By(s + ip)
quark masses via scalar density: s = M + - --

(A) =Trr (A)
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Lagrangians I

Ly = Ly(D,UTDFU)? + Lo(D, U D, U){DFUTD"U)
+L3(D*UTD, UDYUTD,U) + Ly(DFUTD,UY{(xTU + xUT)
+L5(DFUTD, U (XU + UTY)) + Le{xTU + xUT)?

+L7 (U — xUN? + Le(xTUXTU + xUTXUT)
—iLg(FILDFUDYUT 4+ FL DFUTD U)

+Lio(UTFEUFL) + Hi(FE PR 4 L PR+ Hy (xTX)

L;: Low-energy-constants (LECSs)
H;: Values depend on definition of currents/densities

These absorb the divergences of loop diagrams: L; — L
Renormalization: order by order in the powercounting
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Lagrangians I

Lagrangian Structure:

2 flavour 3 flavour 3+3 PQChPT
»” FB 2 Fy,B 2 Fy By 2
p* ' Rf  7+3 LI HT 1042 LT HT 1142
° ¢ 5244 C7 90+4 K’ 112+3

1

2 Weinberg 1966
. Gasser, Leutwyler 84,85
6. 3B, Colangelo, Ecker 99,00

teliie e

[1 replica method — PQ obtained from N flavour
(1 All infinities known

0 3 flavour special case of 3+3 PQ: L7, KT — LI, CT
| U 53 — 52 arXiv:0705.0576 [hep-ph]
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Chiral Logarithms I

The main predictions of ChPT:

# Relates processes with different numbers of
pseudoscalars

# Chiral logarithms

N 2 A
2B 1 2B
m> = 2B + (_m) [ log (2Br0) + 2l3(p) | + - -

F 3272 e

M?* = 2Bm
B # By, F #+ Fy (two versus three-flavour)
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LECs and u I

l5(1)

3272 M?
= 7 (1) — log —- .
ot () —log 7
Independent of the scale L.

l

For 3 and more flavours, some of the ~; = 0: LI (1)

U :

® m,, mg. chiral logs vanish

# pick larger scale

® 1GeVthen LL(u) =~ 0 large N, arguments????
® compromise: p =m, = 0.77 GeV
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Expand in what quantities? I

Expansion is in momenta and masses

°

# But is not unigue: relations between masses
(Gell-Mann—Okubo) exists

#® EXpress orders in terms of physical masses and
quantities (F, F)?

#® Express orders in terms of lowest order masses?
® E.g. s+1+u=2m2+2m3% in 7K scattering

® Relative sizes of order p?, p?, p*,...can vary
considerably
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Expand in what quantities? I

Expansion is in momenta and masses

°

# But is not unigue: relations between masses
(Gell-Mann—Okubo) exists

#® EXpress orders in terms of physical masses and
quantities (F, F)?

#® Express orders in terms of lowest order masses?
® E.g. s+1+u=2m2+2m3% in 7K scattering

® Relative sizes of order p?, p?, p*,...can vary
considerably

# | prefer physical masses
# Thresholds correct
# Chiral logs are from physical particles propagating
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LECs I

Some combinations of order p° LECs are known as well:
curvature of the scalar and vector formfactor, two more
combinations from 77 scattering (implicit in b5 and bg)

General observation:

# Obtainable from kinematical dependences: known
# Only via quark-mass dependence: poorely known
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[/

Most analysis use:
C! from (single) resonance approximation

T 7-‘- 2 2 2 Cr
p S |q | << mp7ms 7
)

—>q2

70 70

Motivated by large N.: large effort goes in this

Ananthanarayan, JB, Cirigliano, Donoghue, Ecker, Gamiz, Golterman,
Kaiser, Knecht, Peris, Pich, Prades, Portoles, de Rafael,. ..
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("

()
1 v 1 fV v
Ly = =g VV) 4 gmd (V) — LtV )
19v y
~ o5 Vi w0 Fr Vil x-1)
1 1 fa
L = —Z(A, AM “m2 (A, APy — A, f*
A 4<u >‘|‘2mA<u ) 2\/§<uf_>
1
Ls = E(V“SV,J,S — M2S?) + cq(Suruy) + cm{Sx+)
1 ., 1 Yoy s
EU’ = §8MP18 P — §M77/P1 —I—deP1<X_>.

fr =020, f,=-0.025, gy =0.09, cm =42MeV, cq4=32MeV, d, =20MeV,
my =mp, = 0.77GeV, my =mgq, =1.23GeV, mg=0.98GeV, mp, =0.958 GeV

fv,gv, fx, fa: experiment

cm and cg from resonance saturation at O(p*)
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(7
7
Problems:
#® Weakest point in the numerics
# However not all results presented depend on this

® Unknown so far: C! in the masses/decay constants and
how these effects correlate into the rest

# No i dependence: obviously only estimate

What we do/did about it:

# Vary resonance estimate by factor of two

# Vary the scale i at which it applies: 600-900 MeV
#® Check the estimates for the measured ones
o

Again: kinematic can be had, quark-mass dependence
difficult
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Two-loop Two-flavour I

Review paper on Two-Loops: JB, hep-ph/0604043 Prog. Part.
Nucl. Phys. 58 (2007) 521

Bellucci-Gasser-Sainio: vy — n%7Y: 94

Burgi: vy — n 7, Fr, my. 96
JB-Colangelo-Ecker-Gasser-Sainio: nw, Fy, my. 96-97
JB-Colangelo-Talavera: Fy (), Fg,: 1998
JB-Talavera: m — (v~: 1997

Gasser-lvanov-Sainio: vy — 7970, vy — 7 t7r~:
2005-2006

® mg, I, Fy, Fg, mm. simple analytical forms

© © o o o @

# Colangelo-(Durr-)Haefeli: Finite volume F., m, 05-06
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Two-loop Three-flavour I

9 H\/Vm HVV??’ HVVK Kambor, Golowich; Kambor, Durr; Amoros, JB, Talavera
9 HVpr Maltman
9 HAAm HAAn; Fﬁ, F y Ty My Kambor, Golowich; Amords, JB, Talavera
® llgg (some) Moussallam Z, Lg
® llyvvr, Haar, Fr, mg Amoro6s, JB, Talavera
® Ky, @q} Amor6s, JB, Talavera | L7, L5, Lg
® Fy, myy, @q} (mu =+ md) Amorés, JB, Talavera 75;778, My /My
® Fy., Fyi+, Fygo Post, Schilcher; JB, Talavera Lg
® Ky Post, Schilcher; JB, Talavera | Vs

e FI, F&, F&™ (includes o-terms) 38, Dhonte | L, L.
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Two-loop Three-flavour I

® K m— luy Geng, Ho, Wu 7140
® 7T JB,Dhonte, Talavera
® 1K JB,Dhonte, Talavera
# relation l; and Lg, CZT Gasser,Haefeli,lvanov,Schmid
# Finite volume (gq) JB,Ghorbani
® 1 — 3. JB,Ghorbani
® Ky 1SO: JB,Ghorbani
# PQChPT: masses and decay constants  JB,Danielsson,Léhde

Known to be in progress/exist unpublished
® Finite Volume: sunsetintegrals = masses, F; JB,Lahde
® relation ¢7 and L7, CT Gasser,Haefeli,Ivanov,Schmid
P Il all JB
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N — 3T I

Reviews: JB, Gasser, Phys.Scripta T99(2002)34 [hep-ph/0202242]
JB, Acta Phys. Slov. 56(2005)305 [hep-ph/0511076]

T Pt 9 9

s = (Pr+ +pr-)” = (Py — Pro)

- Pr— o 2 2

{ P TP t = (pw— +p7r0) — (pn _p7r+)
2 2

TP u = (prr +p0)” = (py — Pr-)

S—i—t—i—u:m%—l—Qm?ﬁ +m72T05350.

<7TO7T+7T_OU’[\77> =9 (277)4 54 (py — Dot — Pr— — Ppo) A(s,t,u).
(r0797%ut|n) =i (2r)* o (pn — p1 — p2 — p3) A(s1, s2, 53)

A(s1,89,53) = A(s1, 82, 83) + A(s2, 83,51) + A(ss, s1, 52),
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n — 3m. Lowest order (LO) I

Pions arein [ = 1 state = A ~ (my, — myg) O em
» o, effectis small (but large via m_ .+ — m_ o)
® n — mr 7'y needs to be included directly
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n — 3m. Lowest order (LO) I

Pions arein [ = 1 state = A ~ (my, — myg) O em

B u _
ChPT:Cronin 67: A(s,t,u) = o(m ;nd) {1 + 3<§ 502) }
3\/§Fﬂ- mn — mx
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n — 3m. Lowest order (LO) I

Pions arein [ = 1 state = A ~ (my, — myg) O em

ChPT:Cronin 67: A(s,t,u) = Bo(mu = ma) {1 + 3(s 802> }
— m2

3V/3F? m;
with Q2 = 3 or R = i M= 3(my + mg)
1 m? M(s,t,u)
Als t K 2 2 » Y9
(87 ,U) QQ m72r (mﬂ mK) 3\/§F7% )
3
A(s,t,u) = £M(s t,u)
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n — 3m. Lowest order (LO) I

Pions arein [ = 1 state = A ~ (my, — myg) O em

ChPT:Cronin 67: A(s,t,u) = Bo(mu = ma) {1 + 3(s 802> }
— m2

3V/3F? m;
with Q2 = 3 or R = i M= 3(my + mg)
1 m? M(s,t,u)
A(S,t,’d) — QQ mlgj(mgr _m%() 3\/§F7% )
3
A(s,t,u) = %};M(S t,u)
3s — 4m? 1 /4
LO: M(s,t,u) = T M(s, t,u) = — [ =m?2 —
) = T Mt = g (g o)
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n — 3w beyondp*: p* and p* I

I'(n — 37) o |A]* o« Q" allows a PRECISE measurement

Q ~ 24|gives lowest order I'(n — 77~ 7Y) ~ 66 eV .
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n — 3w beyondp*: p* and p* I

I'(n — 37) o |A]* o« Q" allows a PRECISE measurement

Q ~ 24|gives lowest order I'(n — 77~ 7Y) ~ 66 eV .

Other Source from m%., — m%, ~ Q % = |Q = 20.0 £ 1.5
Lowest order prediction I'(n — 7t7~7") ~ 140 eV .
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n — 3w beyondp*: p* and p* I

I'(n — 37) o |A]* o« Q" allows a PRECISE measurement

Q ~ 24|gives lowest order I'(n — 77~ 7Y) ~ 66 eV .

Other Source from m%., — m%, ~ Q % = |Q = 20.0 £ 1.5
Lowest order prediction I'(n — 7t7~7") ~ 140 eV .

/dL]PS|A2 + Ayl?

At order p* Gasser-Leutwyler 1985: =24,

/ dLIPS|As|?

(LIPS=Lorentz invariant phase-space)

Major source: large S-wave final state rescattering
Experiment: 295 + 17 eV (PDG 2006)
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n — 3w beyondp*: Dispersive I

Try to resum the S-wave rescattering:

Anisovich-Leutwyler (AL), Kambor,Wiesendanger,Wyler (KWW)

Different method but similar approximations
Here: simplified version of AL

Up to p%: No absorptive parts from ¢ > 2
— M(s,t,u) =

Mo (s) + (s —u) My () +(s =) My (t) + Ma(t) + Ma(u) — §M2(8)

M7: “roughly” contributions with isospin 0,1,2
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n — 37 beyondp*: Dispersive I

3 body dispersive: difficult: keep only 2 body cuts

start from 7y — 7w (m; < 3m3) standard dispersive analysis
analytically continue to physical m%.

R ImMi(s'
M](S) — —/ CZS/ - I(S )
4

/
T Jamz s’ — s —u1€

1
ImM7(s’) — discM;(s) = % (Mjy(s+ie) — Mi(s — ig))

ds’ discMgy(s")

13 g — s — ¢

" disc M7 (
Mi(s) = a1+b13+_/ lseMn :

12 gl — g — ¢

Y

3
Mo(s) = ao+bos+0082+s—/

ds’ discMz(s")

13 g/ — s — e

Mso(s) = as + bos + cos? —I——/
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2.5

Re M (KWW)

n — 3w beyondp®

dispersive

Re M (AL)

s/m

2

Along s = u KWW

2.5

1.5

dispersive

Adler zero

o
o
e
7.

Along s = u AL
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Two Loop Calculation: why I

In K, dispersive gave about half of p° in amplitude

# Same order in ChPT as masses for consistency check
on my /my

#® Check size of 3 pion dispersive part
At order p* unitarity about half of correction

°

°

# Technology exists:
s Two-loops: Amords,JB,Dhonte, Talavera,. . .
s Dealing with the mixing 7°-n:
Amoraos,JB,Dhonte, Talavera 01
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Two Loop Calculation: why I

In K, dispersive gave about half of p° in amplitude

# Same order in ChPT as masses for consistency check
on my /my

°

#® Check size of 3 pion dispersive part
At order p* unitarity about half of correction

°

# Technology exists:
s Two-loops: Amords,JB,Dhonte, Talavera,. . .
s Dealing with the mixing 7°-n:
Amoraos,JB,Dhonte, Talavera 01

# Done: JB, Ghorbani, arXiv:0709.0230 [hep-ph]
s Dealing with the mixing 7%-n: extended to n — 37
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Diagrams I

UUQ+

()

# Include mixing, renormalize, pull out factor 21/};’

# Two independent calculations (comparison major
amount of work)
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Dalitzplot

I mpiav —
mpidiff
0.16 - st --oeeees .
Smly e
t-threshold ———
u theshold ——
s threshold
x=y=0
0.14
< r variation:
@ 012 .
S vertical
y variation:
01
parallelto ¢t = u
0.08 — -
0.08 0.1 0.12 0.14 0.16
s[GeVz]
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L, fit 10 and C, L, fit 10 and C;

40 T T T T T T T T | 8 T T T T T T T T T
Re p6 pure loops N
Re p® I e
30 | 6 Rep® G/ -+ -
R J—
20 4 - 4
i T
=] =
3 3
10 | 2 | -
0 0
-10 | ] ] ] ] ] ] ] ] 2 1 1 1 1 1 ] ] | |\
0 0.02 0.04 0.06 0.08 01 0.12 0.14 0.16 0.18 0.2 0 0.02 0.04 0.06 0.08 01 0.12 0.14 0.16 0.18 0.2
s [GeV?] s [GeV?]

Along t = u Along t = u parts
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M(s,t,u=t)

40

30

20

10

-10

0.02 0.04 0.06 0.08 0.1
s[GeVz]

Along t = u
L =CI'=0

0.12 0.14 0.16 0.18 0.2

t)

-M(s,t,u

40

30

20

10

-10

L; fit 10 and C;

0

0.02 0.04 0.06 0.08 0.1
s[GeVz]

Along t = u. © dependence
l.e. where C7(u) estimated

0.12 0.14 0.16 0.18 0.2
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n— 3m. M(s = u,t)

40
30 b Rep? ——
Re p2+p4
Re p2_'_p4+p6 ................
Im p4

T / Shape agrees with AL

/ 1 Correction larger:
20-30% in amplitude

-M(s,t,u=s)

-10

| | | | | | | |
0 0.02 0.04 0.06 008 01 0.12 0.14 0.16 018 0.2
S [GeVz]

Along s = u
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Dalitz plot I

r = \/§T+_T_: V3 (u—1)

o 2mynQy,
371 3 0)" — ; 3
y = Q040 _ ((mn mﬂ) S)_ S0 (S()—S)
@, 2my Gy 2mpnQy,
Qn = My —2mp+ — Mo

T" is the kinetic energy of pion

2 3E; — ? . .
Z == ( : m%) E; 1s the energy of pion =

’M|2 — A%(1+ay+by2+d$2+fy3+ggg2y+...)
’M|2 = Ag(1+20z+--)
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Experiment: charged I

Exp. a b d
KLOE —1.090 +0.00510-998  0.124 4 0.006 £ 0.010  0.057 & 0.00619-097
Crystal Barrel —1.22 £ 0.07 0.22 +0.11 0.06 £ 0.04 (input)
Layter et al. ~1.08 4 0.014 0.034 £ 0.027 0.046 4 0.031
Gormley et al. —1.17 £0.02 0.21 £0.03 0.06 £ 0.04

KLOE has: f = 0.14 4 0.01 % 0.02.

Crystal Barrel: d input, but ¢« and b insensitive to d
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Theory: chargead

AZ a b d f
LO 120 —-1.039 0.270 0.000 0.000
NLO 314 —1.371 0.452 0.053 0.027 NLO to
NLO (LI = 0) 235 —1.263 0.407 0.050 0.015 NNLO
NNLO 538 —1.271 0.394 0.055 0.025 thtle
NNLOp (y from T9) 574 —1.229 0.366 0.052  0.023 Change
NNLOq (incl (z,y)*) | 535 —1.257 0.397 0.076  0.004
NNLO (1 = 0.6 GeV) 543 —1.300 0.415 0.055 0.024
NNLO (= 0.9GeV) | 548 —1.241 0.374 0.054 0.025
NNLO (CT = 0) 465 —1.297 0.404 0.058 0.032 Error on
NNLO (LT =C7 =0) | 251 —1.241 0.424 0.050  0.007 M (s, t, u)]*:
dispersive (KWW) — —1.33 0.26 0.10 —
tree dispersive — —1.10  0.33  0.001 — ’M(6) M(S’ 2 u)’
absolute dispersive — —1.21 0.33 0.04 —

error 18 0.075 0.102 0.057 0.160
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Experiment: neutral

Ap o'

LO 1090 0.000

. N NLO 2810 0.013

KLOE 2007 —0.027 =+ 0.00419-004 O =0 o o

: V0% g 006 NNLO 4790 0.013

KLOE (prel) —0.014 % 0.005 & 0.004 NNLOG 4790 0.014

Crystal Ball —0.031 £ 0.004 NNLO (C7 = 0) 4140 0.011

WASAICELSIUS | —0.026 +0.010£0.010 ||\ 5/ — or — ) | 2220 0.016

Crystal Barrel —0.052 £ 0.017 + 0.010 dispersive (KWW) _ —(0.007—0.014)

GAMS2000 —0.022 + 0.023 tree dispersive — —0.0065
SND —0-010£0.021 £ 0010 | sotute dispersive — —0.007
Borasoy — —0.031

error 160 0.032

Note: NNLO ChPT gets ag in 77 correct
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o IS difficult I

Expand amplitudes and isospin:
M(s,t,u) = A(l—l—&(s—so)+l~7(s—so)2+cZ(u—t)2+---)

A (3 4 (6 n 302) ((s —50) 4 (t = s0)2 + (u — 30)2) +

M(s,t,u)

Gives relations (R, = (2m,Qy)/3)

~

o = —2R,Re(d), b=R (\a|2+2Re(b)), d = 6R2 Re(d).
_ R (besd) = S (d4b—R2a?) < = (d+ ’
a = ShyRe(b+ _Z(—l_ — n\al)_z +b——a

equality if Im(a) =0

Large cancellation in «, overestimate of b likely the problem
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r and decay rates I

sm€:jl/};+0( )

I'(n— ntn 7’) = sin®e -0.572 MeV LO,
sin® e - 1.59 MeV NLO,
sin e - 2.68 MeV NNLO,
sin e - 2.33 MeV NNLOC! =0,
I'(n — m'7'7%) = sin®e -0.884 MeV LO,
sin®e - 2.31 MeV NLO,
sin e - 3.94 MeV NNLO,
sin e - 3.40 MeV NNLOC! =0.
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r and decay rates I

I'(n — 7T07T07T0)

"= I'(n — nta—xY)
'O — 1.54
'NLO — 1.46
'NNLO — 1.47
’NNLOCr=0 = 1.40
PDG 2006

r = 1.49=+0.06 our average.
r = 1434+0.04 our fit,

Good agreement
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Rand (@ I

LO | NLO | NNLO | NNLO (CT =0)
R (n) 19.1 | 31.8 42.2 38.7
R (Dashen) 44 44 37 —
R (Dashen-violation) 36 37 32 —
Q (n) 15.6 | 20.1 23.2 22.2
@ (Dashen) 24 24 22 —
Q (Dashen-violation) 22 22 20 —

2

2 2
— 2
Mo M = “Migo (QCD part only)

2 (M0 — miy)
NLO and NNLO from masses: Amords, JB, Talavera 2001

LO from R =

2 ms—l_m
Q"= —

R=12.7TR
2m

(mg/m = 24.4)
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What now? I

Old fit to the data was done in 2000/2001

Relied on L} and L§ as input

Relied on a simple estimate of the C7

Since then we have calculated many more quantities
Better K,, data, 77 and =K scattering input

Lattice has started to produce more reliable results
More sophisticated models for the ' have appeared
But Scalar dominated LECs: still difficult

© © o o o o o o

New general fit definitely needed: llaria Jemos, JB work in

pProgress
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RelaUOnS llaria Jemos, JB in progress I

ChPT predictions have two aspects
® Loop parts

#® Loops with LECs

# Tree level with only LECs

Old current algebra: mainly last point

Example for tree level part relations:
® RelationsatLO orp?: F, = Fx = F, = Fy
Frg — F; m%( —m?2

# Relations at NLO or p?: _
b by, — F; m% —m2

» Relations at NNLO or p®: None left, i.e. F;, Fk, F,
Independent
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Relations I

® Let's do a systematic search for combinations of
guantities that do not depend on the NNLO LECs.

# Many relations were found in various calculations, some
unexpectedly

# Many relations known from other sources

Comments:

# Only observables that can have contributions from C’

SET(s) . .
s E.0. 0 aSVB(S) IS obviously not dependent on the C7

(well at loops via NNNLO)

o Typically if C! can first appear from kinematics: many
relations
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Relations: Scalar Form-Factors I

(M|gq|M) = F§!(s)

<7T_\§u|KO> — Féﬁ(s)

Fgl(s) = Fgi(0) + sFglt + s*Fgi? + - --
® [F5)

= |F&?) o = |F&?] o (quark contained)

cr cr
® (FZ?|., = |F&}] .. (quark not contained)

» :Fgﬂz}C;:[Fgg]cg_[Fgﬂcg

» 2 [Fgﬂ]cr — [ngﬂcr o [ngl}cr + [ngl]cr - [Féill}()r JB,Dhonte
9

4m72rm% [Fgu(o)]cg - (Smjlrméll( + mim?{ - Qm%) [ng(o)]cg
+(m2 + 3mSm3 — 6mim?i) [Féil(())]

+(mgz — 3mimic) [Fg, (0)]

Ccr
— (m8m32. +m?) [stg(c))}c{ =0 new

70

cr

® 7, K, isospin limit: 18 “observables” 6 relations
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Relations: Masses/Scalar FF I

Found by analyzing the actual calculations:
6B m?r} Cr — m2 [Fg(())](}’f T (ZmK m ) [FSS(())]C
6B [mk] ¢, = m2 | FE(0)|  + (2mk —m2) [FE0)]

Cr Cr

These follow from:

# the Feynman-Hellman theorem
om> om>
Mgy = YMu Mgy = v
§'o)==2 Fi0

IS a homogeneous function of order 3 in m,.

Omg

® [mi] Cr

[m,%} . cannot be had from = and K scalar formfactors
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Relations: F ., Fix/Scalar FF I

® also [F;|-r and [Fk|~- can be had from the scalar
form-factors

® [Fr— Fglor (mf —m3)” — [mf —m3] o, (mf +m3) +
FER(0)] g (my = m) + [FE™] o, (m3, —m2)* +
F§ ™ o (mfe —m3)’(mfe +m3) =0
[f0(0)] - Bijnens-Talavera

® |Fr]cr alone also possible
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Relations: I

[A(s,t,u)] o = by + bas + b3s? + by(t — u)? + bss> + bgs(t — u)?
® True for all tree level contribution.

o Checking the CT (or c/) dependence: all b; independent.

® Leads to relations between
ao,bo,co,do,ao,bo,co,dz,al,b cl,az,b az,bQ,ag

»® bl has no tree level contributions to this order
# units of m,; only a’, and b}, 11 observables; 5 relations
® 9[-3a] +2b] ., =2 [-3a) + b)) . — 5 [=3ad + BF]

o [b% — a%}@ —

® 1260 [ag] = =5 [b5] o + 36 [b1] o + 2 [b0] o — 27 [ag] o
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Relations: 7 K and /K I

® 7K

s Subtreshold expansion (like A(s,t,u) previous page)
s 10 coefficients have p° tree level contributions
s two of them are equal from ChPT: 9 parameters
L
a(1)/27 b(l)/Q, ag/{ bg/{ a}/Q, b}/Q, ai/{ bi/{ a§/27 bé/Q, ag/{ bg/Q,
1/2 3/2
a/3 9 a/3

o 14 observables — 5 relations

® /K
- o L
- et L
s |bg or _011"'620}57
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Relations: more coming I

We have to check them carefully once more
We have two more between =7 and Scalar FF

] and [myg] ., independent

Cr
Previous (probably) not true if » scalar FF included
n — 3w seems (preliminary) to be independent
Coming: Ky, vector form-factors

Prelude to getting at the LECs

© o o o o © o ©

As part of this, all numerics in C++ plus unified interface
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