
Written exam, FYTA12, Classical physics, electromagnetism,
June 3, 2016, 10.15–15.15.

Allowed material: (a) one A4-sheet with notes; (b) pens, erasers, rulers and similar tools for drawing;
(c) something to drink, eat, snacks, pillows, towels and similar necessities.

Total of 30 points, 15 will be required to pass.
Note! The problems are not ordered in difficulty.

Read the text of each problem carefully before starting to solve it and make sure to motivate all steps
and assumptions carefully. Use separate sheets for each problem and only write on one side.

The results will be displayed in the theoretical physics corridor as soon as they are ready and at the
latest on Friday June 10.

1. Capacitor construction (6p)
Consider a plate capacitor consisting of two quadratic plates with sides b at a distance
3a from each other with a� b so that the capacitor can be approximated with the ideal
case. The upper plate has a free charge Qf and the lower −Qf . Between the plates there
are two slabs of different kinds of linear, homogeneous and isotropic dielectric media. The
upper slab has thickness 2a and relative permittivity εr = 2, whereas the lower slab has
thickness a and relative permittivity εr = 3.

a) [2p] Use Gauss’s law to show that the displacement field in the capacitor is given by

~D = −σf ẑ

whereas ~D = 0 outside. Here σf denotes the free surface charge density on each plate and
the z axis goes from the negatively charged plate to the positively charged one. Argue
carefully from first principles.

b) [2p] Calculate the electric and polarisation fields in each of the two slabs.

c) [2p] Calculate the bound surface charge densities on the upper and lower surfaces of
the two slabs and compare with the discontinuities in the electric field.

2. Hollow spherical shell (6p)
Consider a hollow spherical shell with radius R. Assume that there are no charges inside
or outside the sphere and that the electric potential on the shell is given by

V (r = R, θ, ϕ) = k cos θ

where k is a constant.

a) [3p] Calculate the electric potential inside and outside the sphere.

b) [2p] Calculate the electric fields inside and outside the sphere.

c) [1p] Calculate the (total) electric surface charge density σ on the shell.

Hint: If you cannot solve b) you can use that ~Ein(r = R) = −A cos θ r̂ + A sin θ θ̂ and
~Eout(r = R) = 2A cos θ r̂ + A sin θ θ̂.

P. T. O.



3. Circular current loops (6p)
Consider two planar circular metallic loops with conductivity σ. A small one with radius
a and a large one with radius b � a. The planes of the two loops are parallel and
perpendicular to an axis (the z-axis) going through the center of both loops. The distance
between the planes of the two loops is z and the large loop carries a steady current Il in
the ϕ̂-direction.

a) [3p] Calculate the magnetic field from the current in the large loop on the axis going
through the center of the loops.

b) [3p] Now, assume that Il is gradually increased with dIl
dt

= İl constant. Calculate the
magnitude of the electric field and the corresponding current density Js induced in the
small loop. In which direction is the current flowing?

Hint: If you cannot solve a) you can use that ~B = CIlẑ.

4. Electric dipole radiation (6p)

Consider a point-like electric dipole given by (using the complex formalism) ~̃p = p̃0e
−iωtẑ

which is located at the origin.

a) [2p] Show, starting from the retarded solution to Maxwell’s equations in terms of the
four-vector potential in Lorentz gauge,

Ãµ =
µ0

4π

∫
J̃µ(~r′, t− |~r−~r′|

c
)

|~r − ~r′|
d3~r′,

and using that
∫ ~̃
J(~r′)d3~r′ = ∂

∂t
~̃p, that the three-vector part of the four-vector potential

is given by

~̃
Aed = −iω µ0

4π

ei(kr−ωt)

r
p̃0ẑ

b) [2p] Calculate the corresponding (complex) electric and magnetic fields in the radiation
zone kr � 1.

c) [2p] Use the results from b) to calculate the time averaged Poynting vector and sketch
how the magnitude of the intensity depends on the polar angle (i.e. an antenna diagram).

Hint: If you cannot solve b) you can use that
~̃
E =

1

r
E sin θei(kr−ωt)θ̂ ,

~̃
B =

1

rc
E sin θei(kr−ωt)ϕ̂
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5. Aharonov-Bohm effect (6p)
The Aharonov-Bohm effect shows that when quantum mechanical effects are taken into
account the three-vector potential ~A does actually contain physical information. Consider
the following set-up. Using cylindrical coordinates the magnetic field is given by

~B =

{
Bẑ, s < s0
0, s > s0

(This can be achieved experimentally by using a superconducting shield.) The wave-
functions of two identical charged particles, with charge q, that pass on each side of the
cylindrical magnetic field with the same start and end-point, will acquire different phases,

∆ϕ = ± q
h̄

∫
~A · d~̀,

which can be verified by doing a interference experiment.

a) [2p] Starting from the microscopic Maxwell’s equations, show that the electric and

magnetic fields can be written in terms of a scalar (V ) and three-vector ( ~A) potential.

b) [2p] Calculate the three-vector potential ~A corresponding to the magnetic field given
above, both inside and outside the cylindrical region using a gauge where V = 0 and
demanding that ~A is continuous at s = s0.

c) [2p] Show that if a charged particle makes one turn around the cylinder, then the wave-
function gets a shift in the phase depending on the magnetic flux through the cylinder
given by

∆ϕ = ± q
h̄
πs20B


