
Written exam, FYTA12, Classical physics, electromagnetism,
May 30, 2014, 10.15–15.15.

Allowed material: (a) one A4-sheet with notes; (b) pens, erasers, rulers and similar tools for drawing;
(c) something to drink, eat, snacks, pillows, towels and similar necessities.

Total of 30 points, 15 will be required to pass.
Note! The problems are not ordered in difficulty.

Read the text of each problem carefully before starting to solve it.
The results will be displayd in the theoretical physics corridor as soon as they are ready and at the

latest on Friday June 6.

1. Electrostatics (6p)
An uncharged sphere with radius a, consisting of a linear, isotropic and homogeneous
dielectric material, with relative permittivity εr > 1 and relative permeability µr = 1, is
placed in an otherwise uniform electric field

~E0 = E0ẑ

a) [3p] Show that, using spherical coordinates and enforcing the boundary condition
Vout → −E0r cos θ as r →∞, the potential inside and outside the sphere is given by

Vin = − 3

εr + 2
E0r cos θ , Vout = −E0r cos θ

[
1− εr − 1

εr + 2

a3

r3

]
(Hint: What is the boundary condition for the displacement field transverse to a surface?)

b) [2p] Calculate the electric field inside the sphere and show that the total dipole moment
of the sphere is given by

~p = ε0
εr − 1

εr + 2
4πa3 ~E0

c) [1p] Show that the bound surface charge is given by

σb = 3
εr − 1

εr + 2
E0 cos θ
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2. Coaxial Cable (6p)
Consider a coaxial cable consisting of two very long cylindrical tubes, separated by a
linear, isotropic and homogeneous insulating material with magnetic susceptibility χm. A
current I flows down the inner conductor and returns along the outer one. The currents
are distributed uniformly over the respective surfaces. The inner tube has radius a and
the outer one b.

a) [2p] Show that, using cylindrical coordinates with the z-axis along the current on the
inner tube, the magnetic field between the two tubes is given by

~B = µ0(1 + χm)
I

2πs
ϕ̂

b) [1p] Show that the bound surface current ~Kb on the inner surface is given by

~Kb(s = a) = χm
I

2πa
ẑ

c) [3p] Calculate the stored energy and inductance per unit length.

3. Charging Capacitor (6p)
Consider a capacitor consisting of two circular plates, with radius a and separation w � a.
The two plates of the capacitor are charged through thin wires connected to the centres
of the respective plates with constant currents ±I. Assume that for each of the plates,
the current flows over the plate in such a way that the surface charge is uniform at all
times and that the surface charge is zero at t = 0. Using cylindrical coordinates with the
z-axis perpendicular to the two plates, this gives the surface currents

~K(s, ϕ) = ± Is

2πa2
ŝ or ~J(s, ϕ, z) = ± Is

2πa2
δ(z − z±)ŝ

on the respective plates, where z± are the positions of the plates.

a) [2p] Use Gauss’s law on each of the plates to calculate the electric fields between the
plates as well as outside the plates as a function of time.

b) [2p] Use Ampere’s law on each of the plates to calculate the magnetic fields between
the plates as well as outside the plates.

c) [2p] Calculate the displacement current ∂
∂t
~D between the two plates and explain why

it does not contribute to the calculation in (b).
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4. Absorption (6p)

a) [2p] Show that the plane wave solutions to Maxwell’s equations in a conductor can be
written on the form

~̃E(~r, t) = êẼei(
~̃
k·~r−ωt) , ~̃B(~r, t) =

1

ω
~̃k × ~̃E(~r, t)

where ~̃k = ~k + i~κ is a complex wave-vector and k̃2 = µ(ε + iσ/ω)ω2 with σ being the
conductivity. You can use that ρf = 0 in the conductor.

b) [2p] Starting from Maxwell’s equations on integral form, show that the components of

the ~E and ~H fields parallel to a flat surface between air and a conductor are continuous
across the boundary. You can use that ~Kf = 0 on the surface of a conductor.

c) [2p] Consider a plane EM wave impinging on a flat surface of a conductor from air.
Assuming normal incidence, show that, using êr = êt = êi, the amplitudes of the reflected
and transmitted waves are related to the amplitude of the incoming wave by

Ẽr

Ẽi

=
n1 − ñ2

n1 + ñ2

,
Ẽt

Ẽi

=
2n1

n1 + ñ2

where ñ2 is the refractive index in the conductor, n1 is the refractive index of air and it
has been assumed that µ1 = µ2 = µ0.

5. Quadrupole radiation (6p)
Consider two oscillating electric dipoles with the same magnitude p0 = q0a and phases,
but pointing in opposite directions, ~̃p± = ∓p0ẑe−iωt, positioned at ~r± = ±1

2
aẑ.

a) [2p] Show that, in the radiation zone kr � 1, for ak � 1, and using spherical coordi-
nates, the three vector potential, in Lorentz gauge, for this configuration can be approxi-
mated as

~̃Aeq(~r, t) = ωak cos θ
µ0p0
4πr

ei(kr−ωt)ẑ

(Hint: terms proportional to a/r can be neglected compared to ak)

b) [2p] Calculate the ~̃B and ~̃E fields from ~̃Aeq(~r, t) in the radiation zone.

c) [2p] Calculate the time average of the radiated intensity and sketch the correspon-
ding antenna diagram (intensity profile) making sure to mark the max and min of the

amplitude. (If you have not solved (b) you can use that ~̃E =
1

r
E sin(2θ)ei(kr−ωt)θ̂ ,

~̃B =
1

rc
E sin(2θ)ei(kr−ωt)ϕ̂)

Note: Taking the limit a → 0 with Q0 = −4q0a
2 fixed, this will give the field of an

oscillating linear electric quadrupole.


