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Local Routing Algorithms Based on Potts Neural
Networks

Jari Häkkinen, Martin Lagerholm, Carsten Peterson, and Bo Söderberg

Abstract—A feedback neural approach to static communication
routing in asymmetric networks is presented, where a mean
field formulation of the Bellman–Ford method for the single
unicast problem is used as a common platform for developing
algorithms for multiple unicast, multicastand multiple multicast
problems. The appealing locality and update philosophy of the
Bellman–Ford algorithm is inherited. For all problem types the
objective is to minimize a total connection cost, defined as the sum
of the individual costs of the involved arcs, subject to capacity
constraints. The methods are evaluated for synthetic problem
instances by comparing to exact solutions for cases where these
are accessible, and else with approximate results from simple
heuristics. In general, the quality of the results are better than
those of the heuristics. Furthermore, the computational demands
are modest, even when the distributed nature of the the approach
is unexploited numerically.

Index Terms—Artificial neural networks, locality, multicast
problems, Potts spins, routing.

I. INTRODUCTION

STATIC routing problems amount to assigning arcs (edges)
to a set of communication requests in a network, such that a

total arc cost is minimized subject to capacity constraints on the
arcs. For a review of such problems and existing routing tech-
niques, see, e.g., [1]. In this paper we develop a family of novel
distributed algorithms for static routing problems with asym-
metric links, based on aPotts neuronencoding and a mean field
(MF) relaxation dynamics. Such approaches have proven pow-
erful in many resource allocation problems [2], including cases
with a nontrivial topology [3].

For the relatively simple single unicast (shortest path)
problem, several fast exact methods exist, scaling polynomially
with the network size, e.g., Bellman–Ford (BF) [4], Dijkstra
and Floyd–Warshall [1]. For other problem types one in general
has to rely on various heuristics [5]. Here, we will exploit a
recast of BF in a neural form, with a Potts MF neuron at each
node [6], as a starting point for approaching more complex
problems, with the appealing local update philosophy of BF
preserved. For problems with multiple simultaneous requests, a
separate Potts network is assigned to each request, interacting
through penalty terms encoding load constraints.

The multiple unicast problem, where arcs are to be allocated
simultaneously to several unicast requests, is probably NP-hard,
although we are not aware of any rigorous proof for this. Pre-
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liminary results using the Potts MF approach for this problem
were reported in [6].

The generic single multicast problem, where one message is
to be sent to several receivers, is known to be NP-complete [7].
The arc capacities are irrelevant, and the objective is simply to
minimize the sum of the individual costs of the arcs used.

In a multiple multicast problem the capacity constraints come
into play, and a load interaction has to be introduced in the dy-
namics.

The performance of a Potts MF method for each of these
problems is evaluated by a comparison to different approximate
schemes. For multiple unicast simple heuristics based on BF
are used, and for multicast a directed spanning tree heuristic
(DSTH), inspired by the minimal spanning tree heuristic
(MSTH) [5], is employed. A heuristic based on a sequential
application of DSTH is used for multiple multicast. For small
enough problems, an exact branch-and-bound (BB) method is
used to provide an exact solution.

Despite the global nature of the problems, the implementation
of the Potts approach is truly local—when updating the MF neu-
rons for a particular node, only information residing at neigh-
boring nodes is needed. Together with a good performance, this
represents a key asset of the method.

This paper is organized as follows. In Section II the problem
types are defined and discussed. A section each on the three
problem types then follow, where the corresponding Potts ap-
proach is described and evaluated. A brief summary can be
found in Section VI. Algorithmic details on the Potts MF al-
gorithms, the BB algorithms and a minimal directed spanning
tree heuristic are given in Appendixes A, B, and C, respectively.

II. PROBLEM DISCUSSION

A. Networks

In the problem types considered, a network is assumed to
be given and is defined by a connected graph ofnodes and

(bidirectional) links, corresponding to arcs, each with a
specified cost (arc-length) and capacity.

We will limit our interest to networks with at most one link
for every node pair. Hence an arc from nodeto node can be
unambiguously labeled by the ordered pair of node labels;
this notation improves readability of formulas and will be used
throughout the paper, with the restriction to linked node pairs
being understood.

For an arc , its cost could represent, e.g., an actual
cost, or the delay of a signal traveling through the arc, while its
(integer) capacity represents the maximum number of
simultaneous signals it can hold.

1045–9227/00$10.00 © 2000 IEEE
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TABLE I
SIZES CHOSEN FOR THEPOOL OF RANDOM

NETWORKS. 1000 NETWORKS OFEACH SIZE ARE GENERATED. ALSO

SHOWN IS THE AVERAGE REDUCTION FACTOR

B. Problem Types

On a given network, a unicast request is defined by specifying
a sender node, that is to transmit a message to a receiver node
. Similarly, a multicast request is defined by specifying a sender

node , with a single message aimed at several receiver nodes
.

A multiple unicast problem is then defined by specifying a set
of simultaneous single unicast requests, , that
are to be routed, such that the total path length is minimized,
without any arc capacity being exceeded.

In a single multicast problem, a multicast request is to be
routed through the shortest directed tree that is rooted at the
sender and reaches all the receivers. The length of the tree is
defined as the sum of the arc lengths of the used arcs.

Finally, in a multiple multicast problem several multicast re-
quests are given. Each should be routed, such that the sum of
the resulting tree lengths is minimized, while respecting arc ca-
pacities.

C. Random Problems

To gauge the various algorithms for the three problem types,
we have used artificial random problems, defined on a pool of
artificially generated random networks described in Table I in
the next section.

To ensure that a network with nodes and links is con-
nected, it is built by first using links to create a random
spanning tree. Then each remaining link is used to connect a
random, previously unconnected pair of nodes; the two corre-
sponding (oppositely directed) arcs are independently assigned
a random cost in the interval , and a random integer ca-
pacity in the range .

When a network of the desired size is chosen from the pool,
a random problem is constructed by generating the desired
number of independent random requests, for the multicast case
with the desired number of receiver nodes.

(a) (b) (c)

Fig. 1. (a) A network with the split-nodes marked with arrows. (b) The
decomposition into subnetworks. (c) The hypertree; every second node (white
blobs) represents a subnetwork.

D. Problem Reduction

The topology of a network might admit a decomposition into
subnetworks, such that a routing problem reduces to a set of
independent subproblems, each in its own subnetwork.

Every node that is such that its removal will disconnect the
network defines a split-node. At every such node, the network
can be split in two or more parts, each with its own replica of that
node. By splitting the network at all split-nodes, a tree of sub-
networks, connected via the split-nodes, will be formed; Fig. 1
shows an example.

To keep track of the relation between the original problem and
the resulting subproblems, an auxiliary graph, to be referred to
as the hypertree, can be defined, containing the original nodes
as well as the subnetworks as formal nodes, with links repre-
senting the belonging of a node to a subnetwork, as depicted
in Fig. 1(c). For a routing problem in a reducible network, the
corresponding trivial problem in the hypertree is first solved;
its unique solution determines the decomposition of the given
problem into subproblems.

The complexity of a problem can be taken as the size of
the space of possible routings; this depends on the problem
and is in general difficult to compute. Instead, noting that the
Bellman–Ford algorithm scales as , we will use a
rough, but simple and problem-independent measureof the
reduction in network complexity, defined as follows. With
and denoting the number of nodes and links in a subnetwork
, we simply define

(1)

Table I shows the average reduction factors for the pool of
random networks. The reduction is most important for the
exact BB methods, where the actual time reduction factor can
be considerable, even for .

III. M ULTIPLE UNICAST

In this section we focus on developing a Potts mean field algo-
rithm for the multiple unicast problem. This is done in two steps:
In Section III-A the Bellman-Ford algorithm for the single uni-
cast problem is recast into a Potts mean field language, while
in Section III-B an extension to and tools to handle the mul-
tiple case is described. The solution to a three-request problem
is shown in Fig. 2.
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Fig. 2. Example of a solution to a three-request unicast problem. Dotted lines
represent unused links and full lines links that are used by the requests.

A. Mean Field Version of the Bellman-Ford Algorithm

For asingleunicast, the arc capacities are irrelevant, and the
task is simply to find the shortest path from a senderto a
receiver . In the BF algorithm [4], this is done by relaxing,
for each node, the estimated shortest path-length to , ac-
cording to

(2)

and keeping track of the chosen neighbors. Note the distinct
philosophy here: Each nodeminimizes its ownlocal energy

, rather than all nodes striving to minimize some global ob-
jective function.

Equation (2) can be written as

(3)

in terms of a winner-take-all neuron for every node ,
with components taking the value 1 for the optimal neighbor
, and zero for the others. In other words, for each link between

nodes there is a corresponding neuron, encoding whether the
link is used or not.

A mean field (MF) version of BF is obtained by replacing
the discrete winner-take-all neurons by MF Potts neurons, with
components given by

(4)

where is an artificial temperature. The component is to
be interpreted as a probability for nodeto choose neighbor
as a continuation node, consistently with . Thus,
rather than treating each link separately, all links connected to
a particular node, are encoded as components of a Potts neuron
assigned to that node.

At a nonzero temperature, iteration of (3), (4) can be viewed
as a soft (fuzzy) version of the BF algorithm. At high, the
probability is evenly distributed between the available neigh-
bors, while in the limit a winner-take-all dynamics re-
sults, and the proper BF algorithm is recovered.

By starting at a nonvanishing, and slowly letting
(annealing), the MF neurons will gradually converge to sharp
winner-take-all states, and a spanning tree directed towardwill
emerge (a BF-tree), consisting of the chosen arcs. In particular,
the cost for the optimal path from sender to receiver is de-
termined; the path itself is simply extracted from the spanning
tree, c.f. Fig. 3.

Fig. 3. Example of a solution to a single unicast problem. The arcs of the
emerging tree are shown as solid lines with arrows indicating the direction, while
unused links are shown dotted. The path froma to b is found by following the
arrows; it is marked with fat lines.

The resulting MF algorithm will be referred to as Potts single
unicast (PSU); it is not very interesting in itself, but will serve
as a stepping stone toward MF algorithms for the more difficult
problem types. Note that BF, and thus PSU, will always yield a
tree solution—loops do not pay.

B. The Potts Mean-Field Approach to Multiple Unicast: PMU

The obvious generalization of PSU to a multiple unicast
problem is by having a separate Potts system for each unicast
request, labeled . To enforce the capacity con-
straints, the local energies will have to be supplemented
with a penalty term for arc overloading. The competition for
arcs then destroys the no-loop guarantee, since the path-choice
for one request might block the way for another. To suppress
potential loop-formation, an additional penalty term is added,
and the local energy takes the form

(5)

where is the cost (including load and loop penalties) from
node to the endnode in request. Note that the Bellman–Ford
philosophy is kept, only the energy is redefined, following [6].

In spite of the loop-suppression term, a neuron might wind
up in an impossible situation, with no good continuation node
available. Following [6] an escape facility is introduced, en-
abling an (expensive) emergency route to.

To construct the load and loop terms, a propagator formalism
is employed, following [3]; for a more detailed explanation see
[8]. For the Potts system managing the routing of request, an
element of the propagator is defined as

(6)

where is a component of Potts neuron of request and
if and zero otherwise. It could be interpreted as

the (fuzzy) number of paths in the BF-tree for request,
and becomes integer for . It enables the definition of a
probabilistic measure, , of how much node participates in
the path serving request

(7)

The simpler form follows from . The desired penalty
terms can now be defined, based on the propagator. Dividing
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with normalizes the measure with respect to loops
( to ) and ensures that does not exceed one.

Thus, the load on an arc due to the requestis given
by . Summing the contributions from all re-
quests yields the total arc-load, . For a particular
request , the overloading of the arc due to the other re-
quests is given by

(8)

where is the Heaviside step function. With the arc also fully
used by , the overloading would increase to , and
the difference will serve as an overloading penalty

(9)

In addition, the amount of loops introduced by connectingto
can be expressed as the fuzzy amount of path fromto , as

given by , and we choose as a loop suppres-
sion term

(10)

With a separate Potts system for each request, the updating
equations (3), (4) will be replaced by

(11)

with

(12)

The propagators will be updated in a “soft”, local manner, re-
laxing toward (6)

for all (13)

The algorithm defined by iterating (5), (11)–(13) with annealing
in will be referred to as PMU; contrary to the case for PSU,
it doesnotcorrespond to an exact algorithm in the zero temper-
ature limit.

Note that iterating only at will in general not lead to
a good result, since a choice made for one request could force a
suboptimal choice for another. By using instead the mean field
annealing technique, the decisions are made in an incremental
way, allowing neurons to gradually form their decisions under
the influence of the emerging decisions of the other neurons.
Note also that the philosophy inherited from the BF algorithm
is not disturbed, all information needed is local to the relevant
node and its neighbors, with each node keeping track of its
own row of .

C. Evaluation of PMU

The performance of the PMU algorithm is gauged against
three other algorithms.

Independent Bellman–Ford Heuristic (IBF):Each request
is independently solved using BF, disregarding the load con-
straints. Thus, the result might be illegal, whereas a legal result
is necessarily the exact minimum. For “tight” networks (arc

capacities low in relation the signal density) illegal results are
in general produced.

Sequential Bellman–Ford Heuristic (SBF):Here, the unicast
requests are served in a random order using BF; when the max-
imum capacity of an arc is reached, its use is prohibited for the
subsequent requests. This algorithm can be run repeatedly, with
the request order reshuffled in between, until a preset time limit
is used up; then the best result is kept. It does not always find a
legal result, even to a solvable problem; when it does, it is not
necessarily the minimum.

Branch-and-Bound (BB):For small enough problems, an
exact branch-and-bound algorithm, presented in Appendix B,
is used to find the exact minimum.

The rate of legal results as well as their quality is probed for
network sizes spanning from five to 100 node (see Table II). The
computational demand for BB grows very fast with the network
size, therefore a CPU time limit of 5 min is used. For sizes where
BB’s chances of finding a solution within the time interval is
small, it is not used at all, those entries are marked with “—”
in the table. The SBF heuristic is allowed to run for a slightly
longer time than PMU as specified in Table II.

The quality of the results from an algorithm as compared
with that of a reference algorithm can be measured in terms
of the relative excess path length

(14)

where is the total path costs resulting from. Mean values
for problems where both algorithms gave legal results are pre-
sented in Table II.

From Table II one finds as could be expected that not all prob-
lems were solvable, and that PMU and SBF gave rise to approxi-
mately the same number of legal results. Problem instances with
a legal IBF result can be regarded as easy: The minimum coin-
cides with that of the unconstrained problem. From Table II, one
finds that in a region of tight problems PMU is doing slightly
better than SBF, whereas the opposite is true in the other end.
Note that the CPU consumption is very modest.

IV. SINGLE MULTICAST

An attempt to solve a multicast problem should yield a mul-
ticast tree (MT), defined as a directed tree spanning the set of
sources (the sender and the receivers), rooted at the sender. A
minimal MT is of course desired; arc capacities are irrelevant.

A. Potts Mean-Field Approach to Single Multicast: PSM

The update philosophy of PSU for a single unicast problem is
based on each node minimizing its estimated distance to the end
node. For the multicast problem we instead adopt the strategy
that each nodeattempts to minimize the distance to its forward
MT, defined as the partial MT that is spanned by those sources
connecting to the sender via pathsnot passing node. Apart
from this modification, the development of PSM closely follows
PSU.

PSU gives a tree directedtoward the root, a BF-tree. We
want the opposite direction, equivalent to transposingand

(since the network is asymmetric). We will therefore work
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TABLE II
MULTIPLE UNICAST: NUMBER OFLEGAL RESULTS ANDCPU TIME USED FROM THEDIFFERENTALGORITHMS, AND A QUALITY COMPARISON. T IS THENUMBER

OF INSTANCES FORWHICH BB WAS PREMATURELY TERMINATED. 1000 INSTANCES OFEACH PROBLEM SIZE ARE PROBED. CPU IS GIVEN IN SECONDS ON ANDEC
ALPHA 250. THE QUALITY OF THE PMU RESULTSIS GAUGED BY COMPARING TOBB, IBF AND SBF, RESPECTIVELY, FORINSTANCESWHEREBOTH ALGORITHMS

PRODUCEDLEGAL RESULT (FORBB WHEN IT FOUND A SOLUTION WITHIN THE TIME LIMIT ); A NEGATIVE � (PMU) INDICATES THAT PMU IS SUPERIOR TOX

Fig. 4. Example of an MT solving a single multicast problem in the transposed
network. The nodesa ; i = 1; 2; 3, are receivers andb the sender. The arcs
of the emerging BF-tree are shown as solid lines with arrows, with the subset
defining the MT marked with fat lines. Unused links are shown dotted.

entirely in the transposed network, where a legal result cor-
responds to an MT directedtoward , now corresponding to
the sender-node. In PSU a single path was extracted from the
BF-tree; in the multicast case, a subtree corresponding to an MT
should be extracted. For an example of a solution to a multicast
problem in the transposed network, see Fig. 4.

Let denote the estimated distance from nodeto the
(fuzzy) path originating from a source node . It is han-
dled by node and calculated via the neighbors (propagated)
according to

where (15)

The factor is a measure to what extent the path from
to avoids node. This factor drives to measure the distance
from to the path from .

For sharp paths, the distance to the forward MT of
node via a neighbor node , could then be expressed as

, restricted to with ( not in its
path). For fuzzy paths, one could use ,

where a source with in its path is penalized with a large
factor. Instead of entirely using for the best source ,
however, we will use a weighted value in the MF spirit, given
by

(16)

where is a suitably tuned temperature ratio.
The neurons , managing the choice of neighbor, are up-

dated according to (4), with the local energy redefined as

(17)

where is defined as in (10) but for one request, i.e., ne-
glecting the index .1 A load term is not needed; arcs not ca-
pable of hosting at least one signal are ignored. Likewise, the
propagator is updated in the same manner as for PMU, i.e., (13)
neglecting the index. The resulting algorithm will be referred
to as PSM.

B. Evaluation of PSM

In order to evaluate the performance of PSM we have devel-
oped a DSTH, as a heuristic adaptation to asymmetric networks
of the MSTH [5]. Algorithmic details are given in Appendix C.
For small enough problems, a BB algorithm, described in Ap-
pendix B, is used to find a minimal MT.

Table III shows the number of legal results and the average
CPU consumption for the different algorithms, and a perfor-
mance comparison according to (14) based on the MT-cost. A
bar (“—”) marks unexplored entries.

From Table III, one finds that to all except two of the 9000
probed problems the PSM algorithm gave legal results, with
an average quality consistently superior to that of DSTH. For
small problems the results from the exact BB are slightly better.

1Using the loop term will penalize loops immediately; this improves the final
result.
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TABLE III
SINGLE MULTICAST: THE NUMBER OF LEGAL RESULTS, AVERAGE CONSUMEDCPU TIME AND THE RELATIVE QUALITY OF THE RESULTS FROM THEDIFFERENT

ALGORITHMS. 1000 INSTANCES OFEACH PROBLEM SIZE ARE PROBED. SAME NOTATION AS IN TABLE II; B DENOTES THENUMBER OF

RECEIVERS INEACH MULTICAST

However, for modest problem sizes the computational demand
makes this approach unpractical.

V. MULTIPLE MULTICAST

A Potts algorithm for the multiple multicast problem is con-
structed in an obvious way, by extending PSM in analogy to the
extension of PSU to PMU (Section III-B). Evaluation of the re-
sulting algorithm is done by comparing to BB and a sequential
DSTH heuristic.

A. The Potts Mean-Field Approach to Multiple Multicast:
PMM

As in PMU, a separate Potts system, with a corresponding
propagator , is introduced for each of the multicast re-
quests . The load constraints are again relevant; the load on an
arc from the (fuzzy) MT of a requestis calculated as a “fuzzy
OR” over the corresponding source paths

(18)

where denotes the set of nodes defined by the sender and
the receivers in request. A penalty term is formed according
to (8), (9) with the total arc load given by . For
a loop penalty term, (10) is used without modification. The es-
cape facility is defined and used in the same way as in PMU.
In analogy with Section IV-A, but now for each request, each
node attempts to minimize the distance to the corresponding
forward MT with respect to the choice of neighbor. For a fixed
, this distance is estimated as

(19)

where is the distance from, along the fuzzy BF-tree
serving request, to the path from one of its source nodes;
it is updated as

(20)

The local energy corresponding to requestthus takes the form

(21)

The neurons and the propagators are updated as in Section III-B,
i.e., using (12) and (13), respectively. The resulting algorithm
will be referred to as PMM.

B. Evaluation of PMM

The performance of the PMM approach is gauged using a
Branch-and-Bound algorithm, presented in Appendix B and a
sequential directed spanning tree heuristic (SDSTH), an exten-
sion of the DSTH algorithm described in Appendix C: A DSTH
is applied to each multicast request in turn, blocking arcs having
reached their capacity. The SDSTH is used in the same way as
SBF was used in the multiple unicast case; it is allowed to run
for the time specified in Table IV.

The results for the different algorithms are shown in Table IV.
The PMM heuristic finds approximately the same number of
legal results as SDSTH ( % less), with a consistently better
quality.

VI. SUMMARY

A family of Potts mean field feedback artificial neural-net-
work algorithms is developed and explored for artificial multiple
unicast and single as well as multiple multicast routing prob-
lems.

In order to handle loads and loops for “fuzzy” paths, and other
probabilistic measures, a propagator formalism is used.

The Potts approach is local for all the problem types, with all
information needed by a node for an update residing at this node
and its neighbors. This attractive feature, inherited from the
single unicast Bellman–Ford algorithm, facilitates a distributed
implementation.

The Potts algorithms are compared to competitive heuristics,
and gauged against exact methods whenever feasible, with en-
couraging results. For large problems they perform consistently
better than the other heuristics.
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TABLE IV
MULTIPLE MULTICAST: THE NUMBER OF LEGAL RESULTS AND AVERAGE CONSUMED CPU TIME FOR THE DIFFERENTALGORITHMS, AND A QUALITY

COMPARISON. 1000 INSTANCES OFEACH PROBLEM SIZE ARE PROBED. SAME NOTATION AS IN TABLES II AND III

The CPU consumption is proportional to the product of the
number of requests, receivers, nodes and links.

In terms of real-world problems, the structure of our approach
is clean and implementation of, e.g., the local access transport
area (LATA) networks should not pose any serious problems.

Another neural-network method [9] has been proposed for the
multiple unicast problem; in contrast to our approach it is aimed
at dynamical problems. However, in the static limit it reduces to
the independent BF approach, which is used for comparisons in
this work.

APPENDIX A
PMM—ALGORITHMIC DETAILS

The temperature is assigned a tentative initial value of
. Until after one iteration, with

(A1)

the system is reinitialized with .
Each Potts neuron is initialized by assigning equal values,

with 1% random variation, to its components , consistent
with a unit component sum. Subsequently, and are
initialized consistently with the neuron values. is initial-
ized in an approximately consistent way for each source node
, with .
The following iteration is repeated, until one of the termina-

tion criteria (see below) is fulfilled:
Iteration

• For each single request,, do:

1) Compute the load and subtract from for all
arcs .

2) For each node , do:

a) Calculate for each neighbor, using (21).
b) Update for each neighbor, using (12).

c) Update for each source, using (20).
d) Update for all nodes , using (13).

3) Compute the new load and add to for all arcs
.

• Decrease the temperature: .
The updating process is terminated when the neurons have

almost converged to sharp 0/1 states, or if it is obvious that they
will not (signaled by a very low ), as defined by the criterion

AND

OR (A2)

We have consistently used as the annealing rate. The
coefficients and in (5), (17), (21) are chosen as 5 and 0.1,
respectively. in (16), (19) are chosen as ten. These parameter
values were selected after a few exploratory runs.

For thesinglemulticast case, the-loop disappears; further-
more, the load constraint is irrelevant, so the calculation of loads
is unnecessary and the energy should be calulated using the sim-
pler formula in (17). For the multiple unicast case, the energy
should be calculated according to (5) and as (11).

APPENDIX B
BRANCH-AND-BOUND ALGORITHMS

As exact solvers for small enough problems, two BB algo-
rithms have been developed, one for single multicasts, the other
for multiple problems.

The single multicast BB finds a minimal MT, by starting from
a tree embryo containing only the sender, and recursively adding
paths to each receiver. Each path is recursively constructed, one
arc at a time, starting from the receiver end; it is forced to avoid
itself, and is complete when the existing partial tree is reached.
The lowest MT cost so far is used in every step as a bound to
avoid unnecessary searching.2

The multiple multicast BB is based on an initial recursive
generation of the entire set of possible MT’s for each request
separately. This is done as in the single multicast BB, but no

2Optionally, an initial cost bound (obtained, e.g., from a heuristic) can be
specified to further narrow down the search.
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bound is used. For each MT, its cost as well as data on its arc
usage are stored. Each MT list is then sorted in increasing cost
order.

The proper BB part then consists in a recursive traversal of
the space of combinations of one MT for each request, taken
from its respective list. Large sets of combinations are avoided
before completion, based either on exceeding the lowest total
cost found so far (particularly effective due to the sorted lists),
or on arc overloading.

The multiple unicast BB is contained in the above as an ob-
vious special case, where an MT is a simple path from the sender
to the receiver.

APPENDIX C
DIRECTED SPANNING TREE HEURISTIC

The single multicast heuristic DSTH consists in the following
steps.

1) Find the shortest paths between all pairs of nodes in(the
set of sender and receivers), yielding a distance matrix
restricted to .

2) Interpret the elements of as arclengths in an auxiliary
complete graph spanning .

3) Find an approximately minimal directed tree, span-
ning and rooted at the sender node, by starting with a
tree containing the sender node only, and repeatedly con-
necting the node with the shortest arc to the existing tree.

4) Obtain a subnetwork of the original network by
expanding the arcs of in terms of the corresponding
shortest paths in .

5) Find (as in point 3) an approximately minimal directed
tree , rooted at the endnode.

6) Finally, obtain a proper MT by removing frombranches
not needed to span.
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