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The Dirac Equation

We will try to find a relativistic quantum mechanical description of the electron. The
Schrédinger equation is not relativistically invariant. Also we would like to have a
consistent description of the spin of the electron that in the non-relativistic theory has to
be added by hand.

1. First try

Classically we have the Hamiltonian for a free particle

H—L 2
_2mp

and in an electromagnetic field
1
H=—(p-¢eA)’ +ed
2m

Note that out conventions are such that the charge of the electron e < 0

Relativistically we have
Hz‘/(p—eA)2 +m’ +ed

We now try to quantize

1%
——-iV H->i—
P o
which implies

i%}’ =(J(=iV =AY +m’ + e DY

This equation is nasty, it is hard to see the relativistic invariance and the square root is

difficult to interpret quantum mechanically.
2 Second try

Strat with the relation
E2=p2+m2=p02
Using
d

E

pt —id" =i(
we get

(20" +m*)¥ =0
which is the Klein-Gordon equation.

In an electromagnetic field we make the substitution
p=—iV—op-ecA=—=iV+eA =i(-V +ieA)

Eziai—oﬁE—e@:i%—ed)zi(%+ie@)



or

0" — D" = 9" +ieA"
giving us

(D, D" +m* ¥ =0=[(d, +ieA)(D" +ieA") +m’ ¥
For a free particle we have for the complex conjugate field

(2,0" +m" ¥ =0
The differential equation is of second order, something we don’t like, as we want the
wave equation to be uniquely determined by its initial value. We can avoid this problem
by letting the wave function have two components:

i oV
Y.=Yt——
* m ot

Each of these components then satisfies a first order differential equation of time.
But we still have problems with the probability current.

Multiply the Klein-Gordon equation by ¥ from the left and the complex conjugate
equation by ¥ from the right and subtract the equation member wise. We get
V0,0V —¥9,0"¥V =0=09, (¥ I'V-¥V)
the conserved four-current for probability is then
J =Y oMY — o'y
The probability density is

0¥ o
=) = — - —
p o o

which is not positive definite.

Another problem withy the Klein-Gordon equation is that it gives solutions with

negative energy.
3. Third try

We can describe a spin %2 particle non-relativistically by giving the wave function two
components:
X2

The probability density is then

p=¥f =Y |xf

=12

We assume that in the relativistic case the wave function has N components



We want that the time development of the state be uniquely described by the initial
state. This makes us want a differential equation of first order in time.

We assume

ow
- HY
o

The Hamiltonian H has to be hermitian because of charge conservation.

d
Exercise: Show this from — stx p=0.

helarymden

We want a relativistically invariant equation. This implies that it must also have first
order derivatives of the space coordinates.
Assume (c =h=1)

H=a-p+pm
Here is as usual p=—iV; o and [ are hermitian operators (matrices) and do not operate
on the space-time components. The Hamiltonian for e free particle cannot depend on

the coordinates, as it has to be invariant under translations.
) 1% .
With E=1i 5 we can write
(E—ap— m)¥ =0.
We now require
(E>—p -m* =0

the relativistic relation between energy, momentum and mass.

Multiply by the operator (E + ap+ Bm) from the left. The condition above implies
ol =1, B*=1,
oo, +o0, =0, k#l
eller
o+ po, =0
{04} =26,  {e.B}=0

Now consider the ordinary Pauli spin operators ¢ =2s with
o’ =1(i=123)and 6, =-ic,0, k,I,m cyclically.

If we choose o, diagonal we have with the eigenfunctions |+)



o;|) = 1)
o,|£) = £ilF)
o) =)

These operators form (together with the unit operator) a group under multiplication. We

can represent them by three 2 x 2 matrices. We define
0 1 0 —i 1 0
9=l o) 27 o) ©%Tlo -

Exercise: Check that these operators have the required behaviour.

The eigenfunctions can be represented by the base vectors
1 0
[+ = 0 and |-)= L

Further we have the anticommutation relations {o, ,0,} =208, i.e. the same relations as

for the Dirac operators above. But we have four Dirac operators and only three Pauli

operators.

Thus we study a system where we have two independent spins, one with the spin
operator ¢ and another one with spin operator p. The product space of these operators
has four base eigenvectors

D=1, [2=101+,, B =1+)1-),, 14)=1-),1-),.
Now define
o, =—-io,0, O, =-i0,0, O;=-i0,0Q,
p =—io,o0,  p,=-Pao,o; py=p
It is easy to verify that these operators have the correct commutation relations.

Exercise: Do this.

Further, the two spin operators are independent, [G , p] =0. We can also define our
original Dirac operators expressed in the spin operators:

o =po, B=p;
As we have four independent eigenvectors we can represent the Dirac operators as

4 x 4 matrices. The wave function will have four components.

We will also introduce a set of matrices on (formally) covariant form by the definition
" =(y".y) with y° = B,y = fo.
These new matrices fulfil the relations
o yr=2-18", =y =y



i.e. the “space” parts are antihermitian.

Exercise: Show this!

We can write the two last relations as
o u_. 0

" =yy'y

We now rewrite the wave equation using these definitions:

i%fl =(op + fm)¥

Multiply from the left by
oY
lﬁ7 = (ﬁocp +m)¥ or

(ivy° %+ WV —m¥ =0 or

(iy"d,—m¥ =0.
In an electromagnetic field we make the canonical substitution
d, — D, =d, +ieA, giving the Dirac equation

("0, —eA)—m)¥ =0

We will now investigate the hermitian conjugate field. Hermitian conjugation of the
free particle equation gives

¥y —m¥ =0
It is not easy to interpret this equation because of the complicated behaviour of the
gamma matrices. We therefor multiply from the right by y°:

—io'?#‘}”yoyoyﬂyo -m¥'y’ =0
Introduce the conjugated wave

= ¥y that gives

—iaﬂ'f’}/“ -m¥ =0
Multiply the non-conjugated Dirac equation by the conjugated wave function from the
left and multiply the conjugated equation by the wave function from right and subtract
the equations. We get

d ﬂ(?y" ‘P) =0.
We interpret this as an equation of continuity for probability with

J=yt
being a four dimensional probability current. We test the first component that should

behave as a probability density

4
fE=p= Y =¥yYr=vy=Y|¢f
r=1




This looks fine. The probability is evidently positive definite.

The conjugated equation with an electromagnetic field finally is
(—id, —eA Wy" —m¥ =0

where we made the substitution 8;1 - 8;1 —ieA,

Note the change of sign of e. The conjugated equation describes a positron!!
A representation of the gamma matrices (The Dirac representation)

Not that this is only one of several possible representation.

We introduce the following matrices for the base vectors

1 0 0 0
0 + 1 - 0 0 0 0
o) o) o) )
0 0 0 1
we then have
1 0 0 0
0 1 0 0 1 0 )
B= 0 0 q 0|z (0 _J diagonal
0 0 0 -1

where we interpret in the right expression each element as a 2 x 2 matrix. IN the same

way we have
0 o,
o, =
o, 0
In this representation the gamma matrices become

i 1 0 /= 0 o,
0 -1 -0, 0
o 1.2 3

It is usual to introduce also the operator ¥ =iy"y'y’y’ that in our representation is

s_[© 1Ch K!!
j/—l 0.ec..

Exercise: what are the commutation relations of 7 with the other gamma matrices?

Plane wave solutions of the free Dirac equation

Assume solutions of the form

1 Ju”®]| .,
o= W{W(p) ]
with p=(E,p), E= +‘/m2 +p’ . Formally this corresponds the upper solution

corresponds to a particle with momentum p and energy E while the lower solution has



—p and —E. The index r=1,2 marks the two independent solutions for each momentum

p. We choose these two to be orthogonal. Insert the ansatz in the Dirac equation
(p—m)u"(p) =0

(p+m)o"” (p)=0
" @(p-my=0, 7”0 =u""y
P +m)=0

The equation for u can be written (in our representation)

AP U S B J W

0

or
(E—-m)u, —opu, =0
—(E+m)u, +opu, =0
or
Y
us - ub
(E+m)

We see that when the particle is at rest the component u_ disappears, this component is

small, therefor the notation s = small. For the big component we choose the

independent spin matrices
1 0
(r _ ) ) _ @ _

We can now write the normalised solutions

eemy &

+

I/t(r) = ( 2 mj GP
E J\E+m)

g(f)

Note that the solutions depend on the representation.

For v we get in the same way
H_OP ¢
E+m)|———
v<’>:( mj (E+ m)é
2E g(r)

It is easy the show the orthogonality relations
u"” (pyu"? (p) =™ (p)o"’(p) = &,

u' (p)o"(~p) =0
Exercise. Do this!

We will also need the completeness relations when we later on sum over the spin:



r —(r 1
ué)(p)ué '(p) = E(Mﬂ_ m)yg

2
N ) 1
Uy (P)T5" (P)=—=(p —m)
rZ:f P)0g (P B w o
These results are independent of the representation.
Exercise. Show these relations by using the Dirac representation. Note that you here

have an outer matrix product with

For small speeds the solutions degenerate into the two spinors, something that we

would expect.

Non-relativistic approximation of the Dirac equation in an
electromagnetic field.

In an electromagnetic field (@, A) the Dirac equation for plane waves with fixed energy
is

(E-m—e®Du,—-o(p—eA)u, =0

—(E+m—e®u, +o(p—eAu, =0
or, if the small component is eliminated

(E-—m)u, = 6-(p—eA)o-(p—eA)u, +eDu,

E+m—e®
In the denominator we approximate E = m and E —m is the non-relativistic energy.
Further in the denominator we can assume that the electrostatic energy is much smaller
than the rest mass energy. This implies that the non-relativistic Hamiltonian can be

written

1
H =—0-(p—eA)o-(p—€eA)+ed
2m

We now use the identity
(0-a)(c-b)=a-b+ic-(axb)

Exercise. Show this!

We get
H_ = L(p—.eA)2 +Ls-(p—eA)><(p—eA)+e€D
2m 2m

Study the expression
(P—eA)X(p—eA)=pxp+e’AXA —epxA—eAXp

10



The first two terms are zero. In the third term we have to remember that the momentum
is a differential operator that operates on both the vector potential and the wave function
to the right.
We have

(p—eA) X(p—eA) =+ie(VXA) +eAXp—eA xXp=—ieB
with (p—eA) X(p—eA) = +ie(VXA) +eAXp—ecA xXp=—ieB

and we get

1 e
H =—(p-eA)?——s-B+ed =
" 2m(P ) ZmS

1 e
=—(p-eA) -2—s-B+ed
Zm(p ) 2m

We note that we automatically get the term that describes the interaction between the
magnetic moment of the electron (due to the spin) and the external magnetic field. In
the classical Hamiltonian this is something that we have to add by hand. Further this
term is multiplied by a factor 2 which cannot be understood classically but which is
required for the theory experimentally. Experimentally the factor (the g factor of the
electron) is slightly different from 2, being

2-(1+0.00116)

The small difference is explained by quantum electrodynamics.

It is also possible to show (with some difficulty) that the relativistic Hamiltonian does
not commute with the angular momentum L (thus not being a constant of motion) but
instead commutes with the total angular momentum J = LL + s.

Exercise. Show that the Dirac Hamiltonian commutes with J =L + s
The Dirac equation and the hydrogen atom

Using the same technique as in the non-relativistic case we can solve the Dirac equation
for a particle in a Coulumb potential. You get two coupled differential equations as you
have large and small components. We only give the result of such a calculation. The

energy levels are given by
Ze’
2
(1= G+ +Gi+47 -2°¢]

We note that the degeneracy in j is removed

E

L =m 1+

If we Taylor expand in powers of Z?¢? we get

O e e Wy

K 2n* 20" \j+% 4
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The first term is the rest energy. The second term is identical with what we have in the
non-relativistic theory and the following terms give the relativistic corrections. The
spectrum will look like this:

n=3 AE, ;%3@_
AE R
: 35,3p,
7?4 2p.
n=2 AE, wyy 25;2 .
n=1 ls

We see that the Hg, level will have a fine structure consisting of five levels.

Numerically we get
AE, = 10949 MHz = 4.51-105 eV

AE, = 2737 MHz = 1.13-105 ¢V
AE, = 1019 MHz = 4.20-10%eV

Experimentally you find AE, = 10971.6 MHz . You also find that 2, and 2 p, are not
degenerate but differ by 1057.8 MHz the so called Lamb shift. This is due to that the

electronic charge causes a vacuum polarisation that results in the s level will feel a
stronger Coulumb force. The discrepancy is fully explained by the quantum

electrodynamics.
Difficulties with the Dirac equation

Consider a measurement of the speed in one of the axis directions of a free particle. We

(xk) = i([H,xk ]): i(ak[pk’xk]) = <ak)

From a measurement of the speed we thus expect to find one of the eigenvalues of ¢, .

use

However, it is easy to show that these eigenvalues are *1 = *c . This appears strange.

Assume we have a state with definite energy:
() =i[H.0, |)=i(2p, —2ic, E)

(- () (%)

12
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and thus

(=G (B i - ()

The first two terms correspond to the classical motion while the last term describes a
vibrational movement (Zitterbewegung) with frequency w= E = mc” /i = 10° Hz .

The uncertainty relations makes that this vibration is not observable unless we give the
electron a very large uncertainty in speed. For a speed measurement we have to make
two position measurements in sequence. Further it can be shown that the vibrational
movement disappears if we let the particle be a superposition of purely positive or

negative energy solutions.

A more serious problem is that for the solutions with negative energy, velocity and
momentum will be in opposite direction, i.e. they correspond to a particle with negative

mass in the non-relativistic limit. The energy spectrum for a free particle looks like this

A good question is then why a particle at rest does not fall down to the negative levels
radiating the excess energy as electromagnetic radiation. Dirac suggested the following
solution. In what we call vacuum, all the negative energy states are occupied by
electrons.

If a singular electron is placed in this vacuum it cannot fall into a negative energy level
because of the Pauli exclusion principle. We also redefine the energy such that it is zero
for our vacuum, we can do this as we only can measure energy differences. Assume that
we have this vacuum and add energy, for instance in the form of electromagnetic
radiation. We then can lift an electron from the negative “sea” to a positive energy
level. This requires at least 2mc” . The electron will leave a hole in the negative sea.
This hole will behave as a positive real particle with positive mass and velocity and
momentum in the same direction. Conversely, an electron and a hole can disintegrate
each other radiating electromagnetic radiation. One problem with Dirac’s solution is
that the theory stops being a one-particle theory. For instance, we should take into
account the interactions between the negative sea electrons. Secondly the theory

becomes asymmetric with respect to electrons and positrons. The problem is solved by

13



introducing quantized fields. We should also note that for the Klein-Gordon equation,
that describes particles with spin zero (i.e. bosons) we don’t have the Pauli exclusion
principle and we cannot use Dirac’s solution.

The Dirac equation and Lorentz transformations

Using different products of gamma matrices we can form 16 linearly independent

quantities:

1 (the unit matrix) 1 matrix

y* 4 matrices
r'y" (u<v) 6 matrices
yy* 4 matrices
y’ 1 matrix

In total 16 matrices as we have 16 4 x 4 matrices.

It is possible to show (with some difficult, see the appendix) that under a Lorentz

transformation

Py is a scalar

?}/“ b transforms as a four-vector

Py Y transforms as a tensor

?}/5}/“ bd transforms as a pseudo four-vector
?7/5'1" transforms as a pseudo scalar

Computation of traces of gamma matrices

When we sum over the spins in the final stat in reactions involving fermions, we often

get sums of the type

14



, , N
— () P _ — "\ = (r) _
Z |u2,a Oy, ), r— z (u2,a Opuu ) O “10 =

spinn spinn
ry’ =12 r,r’=1,2

(DT )T 4,07 7 () (V)T 0,0t = () (rn —
2 U Oy Uy, Uy g O ula 2 u, Y yo/la?/ u2a uzﬁ Opotty ' =
spinn Ypmn
rp’=12 r,r'=12

r 1 A ’ ’
2 B0t Opet = i VP4 M) O (Y P4 )0 =

vpnn
ry’=12

: [ (yp+mO(y p’+m")0]

[(yp+m)0<yp +m0] = T

4AEE
with
O — YOOT,J/OT — ,J/Oo*l',yO
=0 (in general)
Here O is often a product of gamma matrices. 7r [M] means the trace of the matrix M

and is the sum of its diagonal elements.

Thus we have to compute traces of type
Tr[]/“]/B .. ]

We then have
Tr[ ABC] = Tr[CAB] cyclic invariance

Tr(1]=4

Tr[y”] =0

Tr[y”yv] =4g"

Tr[y” y'... ] 0 if odd number of gamma matrices

Ty y* vy =" Ty y -8 Ty P ]+ T -
Ty’ | =Tr[y’y" = Ty v"y"| = Te{v’y"y"y"] =0

Ty vy vy = i€

B {1 if uvpo is a cyclic permutation of 0123
uvpo

—1 otherwise

Exercise: Show these relations!
Exercise. Compute Tr[(Jp + m)(1-7 " )yp’(1+ 7)1

15



Particles with zero mass. The high energy representation

We can represent the gamma matrices by

L (0 1) (0 -} L, (1 0
=1 o) "o, o) " Tlo 4

Exercise. Show that this representation has the correct commutation relations.

Consider the Dirac equation for plane waves
(p—myu=0
Assume

. (mj
P,
where R and L stand "right" and "left". This notation is motivated later on.
This gives
-m E+op) ¢,
E—-op -m N\¢,
me, = (E +op)j,
(E- 0p)¢R =me,

or

We see that if the mass is small and the speed large, in the first equation
¢, >>¢, if on=1

and in the second equation
¢, << ¢, if on=-1

Now put the mass to zero whereby the equations decouple and we get

opl, _
(1 +FJ¢L =0

OP, =
(1— E]qu 0

Now put the quantization axis (z) along the direction of movement of the particle, this
describes the helicity of the particle

GZ¢L =-¢,
GZ¢R =@y

Nature chooses the two following possibilities:
Particle o, = —1, the spin is antiparallel to the direction of movement

16



0
( ) , left-handed particle
P,

Antiparticle o, = +1, the spin is parallel to the direction of movement

((pg j , right-handed particle

We can define a projection operator that projects the particle out of a “mixture”

-0 o))

A massless particle always appears in the combination
(1=7")u

From the reasoning above we see that an electron (particle) with an energy large
compared to its rest mass will be mostly left-handed (and a positron will be mostly
right-handed). We can illustrate this by looking at the decay of a 7t meson in an
electron and an electron neutrino. The  meson has spin zero and the decay due to

momentum conservation looks like this in the rest system of the 7t meson

€ T Vv

—4—e ® —b

Both particles must be right-handed. This is only possible if the electron due to its mass

has a right-handed component. More about this in an appendix.
More about particle-antiparticle

Study the Dirac equation
("0, —eA)—m)¥ =0
We could as well have started with particles with opposite charge and the got the
equation
(70, +eA)—m)¥. =0
Now start with a complex conjugate of the first equation
(y*(id, —eA)—-m)¥" =0
Define the operator

C=iyy’

with

17



C=-C'=-C'=-C"
and
C—lyyc :_yTy

Exercise: Show this!

Further
Yy’ ="
Using this in the complex conjugate equation gives
Cy’(y™ (=id, —eA) —m)Cy*)y' Cy"¥" =0
or
(70, +eA)—m)Cy*¥ =0
or
(0, +eA)—m)CFT =0
From this we see
y.=Cy'
Consider the negative energy solution for an electron with spin down, moving along the

positive x axis

o.p g— N __p g— A
Y=NlE+m- [ =Nl E+m’ |e™

S S

We then have

V. =Cy"¥W =iy =iN| E+m° |e™=
-0, 0

67
N 0-25 - - . —i§+ . N ég‘+ )
i p B X =i . p . efl x p . —ipx
O ! e
E+m 25 E+m§ E+ mé

Obviously this corresponds to a solution to the charge conjugated Dirac equation i.e. a

positron with spin up and positive energy. In the exponent there is s switch p —>—p.

In a diagram form we can thus describe

all these interactions with the same xe/ e e gt e v
diagram and interpret an incoming
particle as an outgoing antiparticle and

vice versa.

18



Appendix. Proof of transformation properties

Define
Yu =&Y’
Obviously
IV

We now form the sixteen canonical matrix products of the gamma matrices.

We have then the following facts (true by inspection):

A product of two of these matrices will always give back a canonical matrix except for

asignori.
yiyP =AyC A=+1,%i
We realise
1
YeYa= 17/0
Further
4 if y*=1
Try1={" " 77
0 otherwise

As the matrices are linearly independent, any 4 x 4 matrix M can be written
16
M=y my" with m,=1Tr[y,M]
A=1

Exercise: Show this.

It[My*]=0 (u=1.4) =[My*]=0 A=1.16 then M is a multiple of the unit

matrix.

Fundamental theorem. Lety" and 7" be two sets of 4 x 4 matrices that fulfil the
ordinary commutation relations for gamma matrices. Then there is a non-singular
matrix, S, such that

y'=s7"s”
Form two sets of canonical matrices by multiplying the gamma matrices in the same

way. Define
S= Z}A/AFJ/A with F an arbitrary 4 x 4 matrix.
A

Then
A . A 1
VoSy, = 2 7V FY s = 2 AT FY, =S
A C C

that is the searched relation.
We now have to show that the inverse exists. Form

19



T=Y7v"Gy, G arbitrary
A

As earlier we have
y®°T = Ty, that implies

y°TS = TSy”
Thus TS commutes with arbitrary gamma matrices and is then a multiple of the unit
matrix.

TS=c-1
Take the trace of both sides

¢ =+Tr[TS]= 4D Y. Trly "Gy 7 Fy,| = % Tr[GZZ?Aj?BFyByA} = 4Tr[GS]
A B A B

Thus we can choose F such that S has at least one element different from zero 1. We

then can choose G such thatc = 1.

Exercise. Determine a and b iny’* = (a — iby’)y" such that {y"*,y"*}=2-1-g"".
Also determine an S, such that y* =S~'y*§

Now study the Dirac equation
(iy" D, —m)¥(x) =0
We make a Lorentz transformation that transforms the coordinates and retains the sign
of the time component.
X' =Lx x=L'x
Under this transformation D, is transformed like a covariant vector

D, = Q"D
We get
iy Q'uD, —m)¥(L'x") =0
Introduce
V=
These matrices can easily be shown to have the canonical commutation realations. i.e.
j’\/v _ yugvu _ A—lyvA (#5%)

with A non-singular. Using the Dirac equation and multiply by A from the left we get
(iy" D, —m)¥’(x)=0
with ¥’ (x") = AP (L"'x")

We will soon need the complex conjugated A thus we complex conjugate (**), the

elements of the transformation tensor are real,
i -1t
7 Q= Ay AT

20



or
J/OJ/#J/O-QVN — }/OA_lj/vA’}/O — AT}/O,}/V,}/OA-N

Multiply from the left by Ay’ and from the right by A'y”, this gives
[v".Ar"AY]=0
ie.
AY’A'Y’=c1 or A'=c-y'A™Y°
We now show that ¢ real and positive. Form
ANA=cy’ Ay A= (Q0+ D 77" Q)
k

Take the trace of both sides
T{ A A] = 4c- Q%
The left member is necessarily real and positive implying that ¢ > 0.

We can now always rescale A such that ¢ = 1.

Finally

P = () = (@AY =W )y Ay =P (AT
Evidently

P (x W (x") = ¥ (x)¥(x) invariant

PP (X)) = P (DA YPAP(x) = QY (x)y P (x) a vector

P (xy W (x)=F (A Y AP (x) =

iQ°u Q% Q0 QT (X)yHy 'y y W (x) = det(Q) P (x) Y P (x)
pseudo scalar

and so on.
Exercise. Show that for a space inversion (r > -r) , A = iyo
What is A explicitly?

Consider the Lorentz transformation
=N X =0 x,
X =N X x, =xtxy = QN1 =6
Consider an infinitesimal Lorentz transformation
QY =8'+ey Q=8 +¢/
Now
QNQ =8 = +e" )68, +e, =6 +etv+e)
This implies

¢ +e*=0, ¢, =-¢, antisymmetric

v

We now use
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]/#.Qv,u — A—vaA
Let
A=1+¢,,T* where T* has to be antisymmetric

Insertion gives
Y6, +€ ) =(—¢g,, T )y "(1+¢,,T*)
Y'eu =7°€,08" =[1".E,0T"]
As the infinitesimal Lorentz transformation is arbitrary we
¥ g = [yv,Tpo]
We switch summation index p <> ¢ and get
7" = [yv Jap]: _[yv ,Tpo]
Subtract and divide by 2
Hy 2" -7'2¢°) <[y
Use the commutation relations for the gamma matrices
LY Y =y vty ) =[]
or
vy +v 2 +ryy Yy =y 28" -y Y) =y 7]
or
[y*.177 —4y*r°] =0
This implies
T =17y +c™°
or
A=1+7€,,7"y" +c, c=¢,,”
The number ¢ can be shown to be zero by using the expression for the hermit
conjugated A giving that ¢ is purely imaginary. This corresponds to an arbitrary phase

in the wave function and can be chosen to be zero.

Now study an infinitesimal Lorentz transformation along the negative 1 axis.
go=¢, g,=-¢
A=1+3ey’y'

For a finite transformation we have
A=e*""" =cosh + 'y sinh$

From the expression for the Lorentz transformation we have that

coshC=y=‘/li7 sinh{ =vy =

1-0?

By using

cosh% = -‘ﬁ‘/cosh F+1
sinh & = f,/cosh {-1

we can write
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E +
e )
E+m

J—J—(7+1+M\/_)

Now consider the normalized wave function of an electron at rest
1 (&) -

Ji o)

By a Lorentz transformation this is changed to

E o, [5\ o

0) J_O 0)

J—
i 1 —ipx _
‘/_J; Vom E+m5 o

(5 »
J'JEL 5}

where we have used that the normalization volume shrinks uner a Lorentz

17

transformation.

Under a rotation around for instance the y axis we have
_ 3t _ Qs i O
A=e =C0s% +1i0,s8In%

An 360° rotation gives A = —1, typically for spin ! particles.

Appendix. Weak decay of @ mesons

Consider the decays
e +V,
T - _
u+v,
Intuitively we would expect the first decay to be much more probable than the second
one as we have more accessible energy. Experimentally we find that the probability

ratio between the two reactions is of order 1/10000.

We want to describe the decay by a weak current that we assume couples universally to
leptons. We work in the momentum space. The four-momentum of the st meson is P,
that of the lepton is p, and that of the neutrino is g. The current is given by

Ty 1=y )u,
where we have projected out the left-handed part of the lepton.

The only possible Lorentz invariant coupling we can make with the st meson is
Py (=7 )u, =T (p +q)y(1=y ), = mir(1 =y )u,
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where we have used the momentum conservation and the Dirac equation for the lepton
(mass m) and the neutrino (mas=0). We then have the matrix element for the decay
(except for uninteresting factors)

Note. Strictly we should use the standard model where the coupling also includes the
propagator of the W boson and a coupling constant proportional to the electron charge.
However, due to the large mass of the W boson, at low energies we can include this
propagator in an effective weak coupling constant that is the same irrespective if the

lepton type.

In the quark model this corresponds to the following “Feynman diagram™:

We square the matrix element and sum over the spins of the lepton and the neutrino.

E
SKAEY cn’ T+ m1 -y g o< m* £

we now sum over all final states and do this in the rest system of the pion.

ow 353 Y
Eoc Jd‘pd‘q5(P—P_q)2Kf|Tll)|

spinn
We perform the integration over g using the tree-dimensional delta function (M = the

mass of the 7t meson)

ow
e [ dlplp 2d2,6(M —Jp> + m* ~[p) > KriThY
spinn
Introduce E’ =|p|+ yp” +m’

dE’ = (%' +)dlp|= dlp| = dE'—=

E+|p|

function in energy and over the angular part (only giving 47):

We now can integrate over the delta

ow mzpz oc m>(M* —m>)’

ot

2 2 2N\2
. . m;(M°—m
For the reaction ratio we get R = u

— <~ ~1.3-10 " quite in accordance with
m,(M~—m,)
experiment.
We can also now understand why the electronic decay is supressed by some hand-

waving argument. The electron has a much smaller mass than the muon, As a particle is

is then much more left-handed than the muon. But only the right-handed part can
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interact in the reaction. With its large mass the muon is almost at rest and is more or

less equally left- and right-handed.
Appendix. Local gauge invariance

The Lagrangian density for a free Dirac particle is given by
L=i0,Py"¥ + mP¥
Using Lagrange’s equations
oL L _
T — =
(0,%) oF
we get the Dirac equation:
3, (iy"¥)—m¥ =(iy"d,—m)¥ =0
A local gauge transformation is a transformation where we do the replacement
P s Pelth) g pminA)
It is easily seen the the Lagrangian above is not invariant under such a transformation

because of the coordinate dependence on the gauge function A
Exercise. Show this.

However, if we replace the derivative according to

d,—»D,=d,—igA,
the covariant derivative, the new Lagrangian is invariant under a local gauge
transformation provided that the vector field A, transforms according to

A, > A +9d,A
Proof:

L=iD,Py"¥ +mP¥ =i(d,— igA, )Py"¥ + mP¥

L— iPe iy e ™ (igP 0, A+0,¥ —iqA W —iq¥ D, A)+ mP¥
We see that the offending derivative of A disappears and thus the new Lagrangian is
invariant.

The Dirac equation derived from the modified Lagrangian is then
(ir*D, —m)¥ =(iy"(9,~ igA, ) -m)#¥ =0
The extra term in the Lagrangian is an interaction term between the electron and the
vector field —q'{_’y”'{’A” . We have earlier seen that ¥y*¥ is the (four-dimensional)
probability current so with the identification g = e we identify the quantity
J# = —e'Py"¥ with the electrical current and A, with the electromagnetic field. We
can add a term to generate the differential equation for the electromagnetic field
+F"F F* =9" A" —9" A"

uv >’
The equation for the electromagnetic field will be

0“9, A" =nA" =]"
that is precisely the equation you get from Maxwell’s equations.
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Local gauge invariance generates precisely the correct interaction between the
electron and the electromagnetic field.
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