
Mie Theory

We consider scattering of an electromagnetic wave against a homogeneous
sphere with radius a.

Maxwell's equations

   

∇ × H = J + ε ∂E
∂t

= σE + ε ∂E
∂t

∇·H = 0

∇ × E = −µ ∂H
∂t

∇·E = 0

We will deal with waves having the time dependence described by the factor
 e− iωt , then Maxwell's equation take the form

   

∇ × H = σ − iωε( )E = −
iωn2c2

µ
E

∇·H = 0
∇ × E = iωµH
∇·E = 0

with the refractive index 
  
n =

ε + iσ
ω

⎛
⎝⎜

⎞
⎠⎟ µ

ε0µ0

 and 
  
c = 1

ε0µ0

.

The equations imply the wave equations

   
∇2E −

n2

c2
∂2E
∂t2 = 0 ∇2B −

n2

c2
∂2B
∂t2 = 0

or     ∇
2E + k2E = 0 ∇2B + k2B = 0  with 

  
k =

nω
c

=
2π
λ

The scalar wave equation is

  
∇2ψ −

n2

c2
∂2ψ
∂t2 = 0 ⇒∇2ψ + k2ψ = 0

If ψ satisfies the scalar wave equation then the vectors L, M and N, defined
by

   
L = ∇ψ M = ∇ × rψ( ) N =

1
k
∇ × M

satisfy the vector wave equation and with 
   
M =

1
k
∇ × N

The three vectors are mutually orthogonal and

  ∇ × L = 0 ∇·M = 0 ∇·N = 0    ∇·L = ∇2ψ = −k2ψ



Let r, θ, φ be polar coordinates. Then solutions of the scalar wave functions are

  
ψ e

o
lm

r( ) = zl kr( )Pl
m cosθ( )cosmφ

sin mφ
The radial part of the wave equation satisfies

  
∂2 rψ( )
∂r2 +

l l + 1( )
r2 rψ + k2rψ = 0

In polar coordinates we have

   
∇ = er

∂
∂r

+ eθ
1
r
∂
∂θ

+ eφ
1

r sinθ
∂
∂φ

   

∇ × a = er
1

r sinθ
∂
∂θ

sin aφ( ) − ∂a2

∂φ
⎡
⎣⎢

⎤
⎦⎥

eθ
1

r sinθ
∂ar

∂φ
−

1
r
∂
∂r

raφ( )⎡
⎣⎢

⎤
⎦⎥
+ eφ

1
r

∂
∂r

raθ( ) − ∂ar

∂θ
⎡
⎣⎢

⎤
⎦⎥

We then get

  
Lr =

∂ψ
∂r

Lθ =
1
r
∂ψ
∂θ

Lφ =
1

r sinθ
∂ψ
∂φ

  
Mr = 0 Mθ =

1
sinθ

∂ψ
∂φ

Mφ = −
∂ψ
∂θ

  
kNr =

∂2 rψ( )
∂r2 + k2rψ kNθ =

1
r
∂2 rψ( )
∂r∂θ

kNφ =
1

r sinθ
∂2 rψ( )
∂r∂φ

Using the scalar wave equation we get

  
kNr =

l l + 1( )
r

ψ

This gives the fundamental vector solutions

    

Llm
e ,o r( ) = d

dr
zl kr( )Pl

m cosθ( )cosmφ
sin mφ

er

1
r

zl kr( ) d
dθ

Pl
m cosθ( )cosmφ

sin mφ
eθ


m

r sinθ
zl kr( )Pl

m cosθ( )sin mφ
cosmφ

eφ

    

Mlm
e ,o r( ) =  m

sinθ
zl kr( )Pl

m cosθ( )sin mφ
cosmφ

eθ

+ zl kr( ) d
dθ

Pl
m cosθ( )cosmφ

sin mφ
eφ



    

Nlm
e ,o r( ) = l l + 1( )

kr
zl kr( )Pl

m cosθ( )cosmφ
sin mφ

er

1
kr

d
dr

rzl kr( )⎡⎣ ⎤⎦
d
dθ

Pl
m cosθ( )cosmφ

sin mφ
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
m

kr sinθ
d
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rzl kr( )⎡⎣ ⎤⎦Pl
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We have from Maxwell's equations

   
E =

iωµ
k2 ∇ × H H =

1
iωµ

∇ × E

Introduce the conventional scalar and vector potentials Φ and A such that

  
E = −

∂A
∂t

− ∇Φ H = ∇ × A

Develop A in the fundamental vectors

   
A =

i
ω

amlMml + bmlNml + cmlLml( )
l ,m
∑

This gives

   

H = −
k

iωµ
amlNml + bmlMml( )

l ,m
∑

E = − amlMml + bmlNml( )
l ,m
∑

The incident plane wave is    E
( i) = exe

ik2 z H( i) = eye
ik2 z

In polar coordinates we have

   

ex = er sinθ cosφ + eθ cosθ cosφ − eφ sinφ
ey = er sinθ sinφ + eθ cosθ sinφ + eφ cosφ
ez = er cosθ − eθ sinθ

When we develop the incident electromagnetic wave we see that only the
components with m = 1 will contribute. Choosing the combinations that give
the correct component φ dependence we have

   
exe

ikz = a1lM1l
o + b1lN1l

e( )
l=1

∞

∑
Using orthogonality relations we get

  
a1l =

2l + 1
l l + 1( ) il b1l = −

2l + 1
l l + 1( ) il+1

and thus

   
exe

ikz = il 2l + 1
l l + 1( ) M1l

o − iN1l
e( )

l=1

∞

∑
In the same way



   
eye

ikz = − il 2l + 1
l l + 1( ) M1l

e + iN1l
o( )

l=1

∞

∑
To have finite fields as  r →∞  we have to take   zl k2r( ) = jl k2r( )
The outside scattered wave is

    

E(r )
 il 2l + 1

l l + 1( ) al
(r )M1l

o − ibl
(r )N1l

e( )
l=1

∞

∑

H(r )
 il 2l + 1

l l + 1( ) bl
(r )M1l

e + ial
(r )N1l

o( )
l=1

∞

∑
now with   zl k2r( ) = hl

(1) k2r( ) .
For the inside scattered wave we have

    

E(t)
 il 2l + 1

l l + 1( ) al
(t)M1l

o − ibl
(t)N1l

e( )
l=1

∞

∑

H(t)
 il 2l + 1

l l + 1( ) bl
(t)M1l

e + ial
(t)N1l

o( )
l=1

∞

∑
now with   zl k1r( ) = jl k1r( ) .

The continuity conditions on the surface of the sphere:

   

er × E( i) + E(r )( ) = er × E(t)

er × H( i) + H(r )( ) = er × H(t)

imply

  jl x( ) + al
(r )hl

(1) x( ) = al
(t) jl y( ) (  eθ ,E )

  µ1 xjl x( )⎡⎣ ⎤⎦
′ + µ1al

(r ) xhl
(1) x( )⎡⎣ ⎤⎦

′ = µ2al
(t) y jl y( )⎡⎣ ⎤⎦

′ (  eθ ,H )

  µ1 jl x( ) + µ1bl
(r )hl

(1) x( ) = µ2bl
(t)njl y( ) (  eφ ,H )

  n xjl x( )⎡⎣ ⎤⎦
′ + nbl

(r ) xhl
(1) x( )⎡⎣ ⎤⎦

′ = bl
(t) yjl y( )⎡⎣ ⎤⎦

′ (  eφ ,E )
where   x = k2a  and  y = k1a = nk2a
With little less generality we will now assume  µ1 = µ2

Using the Riccati-Bessel functions we can solve the system above

  

al
(r ) = −

ψ l y( ) ′ψ l x( ) − n ′ψ l y( )ψ l x( )
ψ l y( ) ′ζ l x( ) − n ′ψ l y( )ζ l x( )

bl
(r ) = −

ψ l x( ) ′ψ l y( ) − n ′ψ l x( )ψ l y( )
′ψ l y( )ζ l x( ) − nψ l y( ) ′ζ l x( )

Using the far field approximation för the scattered wave

   
hl

(1)(x)  −i( )l+1 eix

x
 as  x →∞

gives



   

Eθ
(r ) = Hφ

(r )


eik2r

k2r
cosφS2 θ( )

Eφ
(r ) = −Hθ

(r )


eik2r

k2r
sinφS1 θ( )

where

  
S1 θ( ) = 2l + 1

l l + 1( ) al
(r )τ l cosθ( ) + bl

(r )π l cosθ( )( )
l=1

∞

∑

  
S2 θ( ) = 2l + 1

l l + 1( ) al
(r )π l cosθ( ) + bl

(r )τ l cosθ( )( )
l=1

∞

∑



Riccati-Bessel functions

  

ψ n x( ) = xjn x( ) χn x( ) = xnn x( )
ζn x( ) = xhn

(2) x( ) = x jn x( ) + nn x( )( )

  ψ 0 x( ) = sin x χ0 x( ) = −cosx

  
ψ 1 x( ) = sin x

x
− cosx χ1 x( ) = −

cosx
x

− sin x

 ζn x( ) =ψ n x( ) + iχn x( )

  
fn+1 x( ) = 2n + 1( ) fn x( )

x
− fn−1

  
f'n x( ) = fn−1 x( ) − n + 1( ) fn x( )

x

Associated Legendre polynomials
   x = cosθ

  P0
1 x( ) = 0 P1

1 x( ) = 1 − x2 =  sinθ

  nPn+1
1 x( ) = 2n + 1( )xPn

1 x( ) − n + 1( )Pn−1
1 x( )

  
πn x( ) = Pn

1 x( )
1 − x2

  
τn x( ) = 1

1 − x2
nxPn

1 − n + 1( )Pn−1
1 x( )( )= 

  
dPl

1 cosθ( )
dθ

  

πn ±1( ) = ±1( )n n n + 1( )
2

τn ±1( ) = ±1( )n+1 n n + 1( )
2


