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HTO08
Exercises 7.
(To be completed before 08.10.20)
1. Consider the initial value problem
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where the v(¥)’s are eigenvectors of the (t-independent) matrix A with eigenvalues .

(a) Verify that the exact solution is given by
N

u(t) = Z et v (k)
k=1

(b) Show that the Crank-Nicholson formula u"*! —u™ = h(Au™ + Au™"!)/2 gives

N n
T kz::lc’“ (1 —h/\k/2) v

2. Consider the heat equation du/dt = 9?u/dx? with boundary conditions u(0,t) = u(1,t) =
0. The approximation 0?u/0x? ~ (uj+1 — 2u; + uj_1)/a’ leads to a matrix equation of
the same type as in (1) for u = (uq,...,uj—1). Show that
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v(k):(sink;r,sinIjﬂ,...,sinuj)km> (k=1,...,J-1)
are eigenvectors of the corresponding matrix A with eigenvalues A\, = —2[1—cos(kx/J)]/a?.

3. Let u} = uw(zj,tn), j = ja, t, = nh. Show that the equation
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approximates the heat equation du/0t = 0%*u/0x? if h = a® and a — 0, but that it
approximates the equation du/0t = 0?u/0z% — 0%u/0t? if h = a and a — 0.



