
Groups and Symmetries: Part II

Malin Sjödahl
Problem set 1

March 1, 2019

Problem 1. Find the dimension, i.e. the number of independent parameters necessary to
describe the group elements of the following groups (F = R, C):

GL(n;F), SL(n;F), U(n), SU(n), O(n;F), SO(n;F)

Problem 2. Given a group G, the set of elements belonging to the group that commutes
with all elements of the group is known as center group Z(G). Find the center groups of:

U(n), SU(n), O(n;F), SO(2n;F), SO(2n+ 1;F)

Problem 3. In the context of the SO(3) Lie algebra we encountered the (quadratic) Casimir
operator

L2 = L2
1 + L2

2 + L2
3

Prove, using the relation [Li, Lj] = εijkLk, that this operator indeed commutes with all
elements in the Lie algebra.

Problem 4∗. From the 2-to-1 homomorphism (see notes)

Φ : SU(2) → SO(3) given by R~x = f−1(Uf(~x)U †) where f(x̄) = xiσi ,

find the general connection between Rij (SO(3) rotations) and Uij (SU(2) rotations) elements.
Derive a formula for the matrix elements of R in terms of the elements of U .

Problem 5. Given the SU(2) group, consider the tensor product of two j = 1 irreducible
representations:

(i) Compute, graphically, the Clebsch-Gordan series.

(ii) Compute the reducible matrix representation for the su(2) generators and show that
the Casimir J2 has 3 distinct eigenvalues. Interpret this result with the Clebsch-Gordan
series found in (i).

(iii) Find how each state in the irreducible multiplets coming from the tensor product is
related to the original states.
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(iv) Show that there exist a matrix S that brings the representations found in (ii) to its
fully reduced form, i.e. Sd(Ji)S

−1 = block diag.

(v) What is the behavior of each irreducible representation under interchange of the ini-
tial states? Is this behavior a characteristic of only the dimensionality of the final
irreducible representations or does it also depends on the dimensionality of the initial
states? Use the case of two initial j = 1/2 states and compare.
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