Written exam problems, part 1 (see also the course book)
Problem No 2.3

If one chooses a time coordinate which does not coincide with proper time of particles at
rest, FLRW metric takes the form
ds2 = N 2 (t)dt2 − a2 (t)γij dxi dxj .
Show by direct calculation that in this metric too, world lines of particles at rest are geodesic
(this is of course obvious, since these lines are the same lines as in the text). (Hint: similar
calculation, but for proper time, has been done in lecture 4).
Problem No 3.2

Prove that equations
1
R0i − g0i R = 8πGT0i ,
2

1
Rij − gij R = 8πGTij ,
2

∇µ T µi = 0

are identically satisﬁed in the case of homogeneous and isotropic Universe, provided that the
following equations are satisﬁed,
1
R00 − g00 R = 8πGT00 ,
2

∇µ T µ0 = 0 .

Do not assume in the proof that the Universe is ﬁlled with ideal ﬂuid; it is important only that
matter is homogeneous and isotropic.
Problem No 3.11

Consider the Universe ﬁlled with matter whose equation of state is that of Chaplygin gas,
namely,
p=−

A
,
ρ

A = const ,

• (1) Find the dependence of the Hubble parameter on the scale factor.
• (2) Find the law of evolution a = a(t) at small and large scale factors in all three cases
with κ = 0, ±1.
• (3) Find the complete evolution a = a(t) in the case of spatially ﬂat Universe.
• (4) What values of κ admit static solutions to the Einstein equations?
• (5) What can be said about the future of the Universe, if it is known that at some
moment of time the expansion of the Universe accelerates? Consider all three cases with
κ = 0, ±1.
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Problem No 4.3

At what z does the transition from deceleration to acceleration occur for dark energy with
equation of state p = wρ, w = const? For what value of the parameter w this transition would
occur now? Give numerical estimate using the values
ΩM ≈ 0.27

ΩΛ ≈ 0.73 .

Problem No 4.6

Find the present age of the Universe for dark energy with equation of state p = wρ, w =
const. Give numerical estimates for w = −1.1 and w = −0.9 with ΩM = 0.27, ΩΛ = 0.73.
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