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Electromagnetic response of living matter
TOBIAS AMBJÖRNSSON
Department of Applied Physics
Chalmers University of Technology
Göteborg University

ABSTRACT

This thesis deals with theoretical physics problems related to the interactions be-
tween living matter and electromagnetic fields. The five research papers included
provide an understanding of the physical mechanisms underlying such interactions.
The introductory part of the thesis is an attempt to connect as well as provide a
background for the papers. Below follows a summary of the results obtained in the
research papers.

In paper I we use a time-dependent quantum mechanical perturbation scheme
in order to derive a self-consistent equation for the induced dipole moments in a
molecular aggregate (such as a cell membrane or the photosynthetic unit), including
dipole interaction between molecules. Our model is shown tobe superior to standard
exciton theory which has been widely used in the study of photosynthesis.

In paper II we study the process of DNA translocation, drivenby a static electric
field, through a nano-pore in a membrane by solving the appropriate Smoluchowski
equation. In particular we investigate the flux (the number of DNA passages per
unit time through the pore) as a function of applied voltage.We find a threshold-
like behaviour and exponential dependence on voltage in agreement with the recent
experimental findings.

In paper III we investigate the drift velocity of polarizable ellipsoidal particles,
driven through a viscous fluid by an electric or electromagnetic field intensity gra-
dient. At off-resonant frequencies the drift velocity is proportional to the squared
length of the principal axis along the direction of motion. Near a resonance fre-
quency the drift velocity is sensitive to the particle shape.

Cells are in general of non-trivial shape. Furthermore the cell membrane is typ-
ically dielectrically anisotropic. These observations led to paper IV in which we in-
vestigate Gauss equation for an ellipsoidal particle with an anisotropic coating (the
coating dielectric function being different parallel and perpendicular to the coating
normal). We find that the solutions to this equation can be written in terms of so-
lutions to Heun’s equation. For the case of spheroidal particles the solutions can be
written using hypergeometric functions.

Finally in paper V we use the result from paper I and IV and investigate the
electromagnetic response of a dipole coupled ellipsoidal cell membrane. If the con-
stituent membrane molecules have one prominent resonance frequency then the di-
pole coupled membrane has two new resonance frequencies. The geometric weights
for the oscillator strengths of the resonances are sensitive to the membrane shape.

Keywords: electromagnetic response, living matter, polarizability, molecular ag-
gregates, polymers, DNA, fluid mechanics, low Reynolds number, Heun’s equation,
cell membranes.
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BACKGROUND AND MY CONTRIBUTION TO THE PAPERS

Paper I: In this my first project that started in the beginning of 1999,we investi-
gated the electromagnetic response of a molecular aggregate. My supervisor had
noticed that there was a discrepancy between two commonly used theories (the
standard exciton theory and the “classical” dipole coupling theory) for treating
the interaction between electromagnetic fields and molecular aggregates. By us-
ing a time-dependent quantum mechanical perturbation approach we managed to
“derive” the two models within the same framework and thereby resolve some
of the discrepancies and illustrate the differences. The project was initiated by
myself and my supervisor. I did the theoretical analysis, and wrote the paper
except for the introduction.

Paper II: This project started by John Kasianowicz giving a lecture atChalmers
about some recent experiments of his where he had managed to drive single-
stranded DNA molecules through a nanopore in a membrane by applying an ex-
ternal electrostatic potential. The experimental data on the flux of DNA through
the pore showed some interesting features. A few months later, in the summer
2000, I visited John at NIST outside Washington D.C. and started investigating
the problem. I then returned home and we completed the theoretical analysis
roughly a year after the project was started. I initiated theproject and the theo-
retical investigation was mainly done by myself and Zoran Konkoli, with creative
input from the remaining three authors. I wrote the paper.

Paper III: This project started with me doing an estimate of the drift velocity of polar-
izable particles as a function of an electromagnetic field gradient for a different
project at the end of year 2000. I showed the study to my supervisor, who re-
alized that a more detailed study of ellipsoidal particles could yield interesting
results. The project was initiated by my supervisor and me. Iwrote the paper
and did the calculations.

Paper IV: This project started with me talking to Tomas Carlsson (at the time in
the Liquid Crystal Physics group at Chalmers), who convinced me that when
studying the electric response of a cell the anisotropy in the dielectric function
of the cell membrane could be important. During the spring 2002 I managed to
solve Gauss equation for the case of a spheroid (an ellipsoidwith two principal
axes equal) with an anisotropic coating in a homogeneous external field. In the
summer the same year Gautam Mukhopadhyay spent two months atChalmers
and we then managed to solve the full ellipsoidal problem. During the autumn I
then worked out the solution to the Gauss equation for the case of large coating
anisotropy. I initiated the project, did the major part of the calculations and wrote
the paper.

Paper V: In this project we investigated the electromagnetic response of cells at fre-
quencies where membrane molecular resonances (electronicand vibrational) are
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CHAPTER 1

Introduction

All systems (whether ’dead’ or ’living’) consist of chargesand when a particular sys-
tem is perturbed by an external electric, magnetic or electromagnetic field it responds
by induced motion of these charges. Depending on the structure of the system and
kind of perturbing external field the response differs; for example for a dielectric
perturbed by an electric field the relevant induced quantityis the dipole moment
per unit volume (the polarization), whereas for an electrolyte the induced charge
density is often used to characterize the electric response. Provided thata sound
theoretical framework exists which predicts how measurable quantities depend on
the relevant physical parameters of the system one can use external fields to obtain
information about the system. It is the aim of this thesis to try to provide such a
theoretical framework relevant for living matter-electromagnetic field interactions.
In the research papers different living matter systems are investigated and we derive
expressions for relevant response entities.

In general it is difficult to identify a distinct difference between ’dead’ and ’liv-
ing’ matter; the very same constituting atoms are used in allmatter. But indeed, as
we experience in everyday-life, there are differences. In this introduction we do not
try to provide an exact definition of living matter. Instead we will take our starting
point in the cell, which is the micrometer sized building block of all living beings
[1, 2]. We will take a look at the various molecules in the celland how they combine
to form functional units, including membranes, polymers and electrolytes.

Let us first consider which atoms are most abundant in cells. It turns out that 24
of the 92 natural elements are essential to life [2]. Four of these, oxygen (O), carbon
(C), hydrogen (H) and nitrogen (N), make up 96% of the human body. Calcium,
phosphorous, potassium and sulphur and so-called trace elements (only required
by the body in small quantities) account for the remaining 4%. Life’s molecules
are usually large on a molecular scale, containing thousands of atoms. A striking
difference between our own technology and that of Nature is that whereas we use
metals to a large extent, Nature only employsinglemetal atoms [3].
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1 Introduction

Many cell processes rely on the properties of thecell membrane, which separates
the cell from its environment. The basic ingredient of a cellmembrane is the phos-
pholipid molecule [1, 2]. The most important property of this molecule is that it is
amphiphilic; one of its ends (the phosphatic head) is polar and is therefore strongly
attracted to water, while the other end (the hydrocarbon tail) is nonpolar and is hence
repelled by water. This property of the phospholipid molecules makes it energeti-
cally favourable for them, when being put into water, to forma closed bilayer (of
typical thickness 5-10 nm) with the phosphatic heads pointing outwards while the
hydrocarbon tails are pointing inwards and are thereby keptfrom contact with the
water. Due to the strong orientation of the lipid molecules in the membrane, a cell
membrane is a highlyanisotropicstructure. Such systems are investigated in re-
search paper IV, where the electric response of an ellipsoidwith an anisotropic coat-
ing is studied. The chemical interaction between moleculesin a membrane is usually
so weak that the bilayer essentially behaves as a two-dimensional fluid. Structures,
such as cell membranes, which have negligible chemical interaction between the
constituting units are calledmolecular aggregates. Chapter 6, as well as research
paper I and V, is therefore dedicated to the electromagneticresponse of such ag-
gregates (the photosynthetic unit is a different example ofa molecular aggregate).
There are furthermore usually proteins embedded in the cellmembrane. The role of
these proteins include enzymatic activities and being receptors for chemical messen-
gers from other cells. There are also protein pores in the membrane. These protein
pores allow passage of biomolecules that would otherwise not be able to penetrate
the membrane. Research paper II in this thesis deals with theproblem of passage of
single stranded DNA molecules, driven by an electric field, through such pores.

Inside the cell there is a liquid called thecytoplasm. The cytoplasm consists,
to a large extent, of water molecules (roughly 70 % of the cellconsists of water)
and ions. Chapter 7 in this thesis treats the electric and electromagnetic response
of electrolytes(liquids consisting of water and ions), and chapter 2 treatsparticle
motion in a liquid. Motion of particles as caused by electromagnetic intensity gra-
dients through viscous liquids is also the topic of researchpaper III. In eukaryotic
cells (cells with a nucleus) the cytoplasm consists also of so-called membraneous
organelles, examples of which include the cell nucleus, theendoplasmatic reticu-
lum and the Golgi apparatus [1, 2]. The cell nucleus is the genetic control center
of the cell. It is here that the DNA (the hereditary blueprintof the cell) is stored.
The endoplasmatic reticulum and the Golgi apparatus are forinstance involved in
the synthesis of proteins using the genetic code. There are also nonmembraneous
structures in the cell such as the cytoskeleton. The cytoskeleton is a supportive mesh
of fine protein fibers and gives the cell structural support [4]. The cytoskeleton is
also involved in cell movement and division as well as used astracks for transport in
the cell. DNA molecules as well as proteins are long “chain-like” molecules. Such
molecules go under the namepolymers. Polymers have many distinct properties
compared to ”point” particles, and chapter 3 in this thesis is dedicated to the physics
of polymers.

The rest of this introductory text is aimed at giving an introduction to the topic
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Figure 1.1: Interrelations between the different chapters of this thesis, as well as connections
between the chapters and the five appended research papers.

living matter-electromagnetic field interactions as well as to provide a background
to the research papers, and is organized as follows: Chapter2 is devoted to the
problem of particle motion in a liquid. The equations developed in this chapter will
also prove useful for understanding the electromagnetic response of molecules and
electrolytes, which is the reason that we take the rather unconventional route of start-
ing a thesis about electromagnetic response by discussing particle motion through a
liquid (indeed this shows the general feature of many physical phenomena). Chap-
ter 3 describes the physics of polymers and the equilibrium physics of membranes.
Chapter 4 proceeds by giving the general description, needed for subsequent chap-
ters, of how electric and electromagnetic fields interact with matter. The next three
chapters give specific examples of electric and electromagnetic response: Chapter
5 describes the electromagnetic response of single molecules. Chapter 6 deals with
the interaction of molecular aggregates and external fieldsand chapter 7 treats the
response of an electrolyte to an electric or electromagnetic field. Finally in chapter
8 a summary and outlook is given. The interrelations betweenthe different chapters
and connections to the five research papers are given in Fig. 1.1.
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1 Introduction

The research papers included in this thesis provide a deeperanalysis compared
to the introductory text; connections to the introductory text are found in Fig. 1.1.
Paper I provides a theory for the electromagnetic response of a molecular aggregate
using a quantum mechanical scheme. The relevant induced quantity is the dipole
moments in the aggregate, for which we provide a general expression. Paper I is
connected to chapters 5 and 6 (see Fig. 1.1). Paper II deals with the passage of
DNA molecules (in an electrolyte) driven by an external static electric field through
a nanopore in a cell membrane. In this paper the external perturbation is a static
electric potential and the induced measureable quantity isthe flux of DNA molecules
through the nanopore (we find that the flux depends non-linearly on the applied
potential). The relevant background for this study includes chapters 3 and 7. Paper
III describes the behaviour of particles (such as cells) in aviscous liquid under the
influence of an electric or electromagnetic field intensity gradient. The perturbing
quantity in this study is the intensity gradient and the induced quantity is the particle
drift velocity. Background material to this paper is provided in chapters 2 and 4.
Paper IV gives the solution of Gauss equation for an ellipsoid with an anisotropic
coating (relevant chapter 4) as perturbed by an external electric field (the relevant
induced quantity is the induced dipole moment of the ellipsoid). Finally paper V
describes the interaction between electromagnetic fields and ellipsoidally shaped cell
membranes. In particular we provide an expression for the induced dipole moments
in the membrane. The chapters that are relevant for that study are chapters 4, 6 and
7.
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CHAPTER 2

Particle motion in viscous liquids

In this chapter we discuss the motion of a particle in a viscous liquid. We discuss
the Langevin and the Smoluchowski equations for the particle motion. We also dis-
cuss the fluid dynamical equations for the (biologically relevant) case of motion of
small particle at low velocities - so called lowReynolds numbermotion. In paper III
we investigate the motion of a particle driven through a viscous fluid by an electric
or electromagnetic field gradient. This chapter (together with chapter 4) provides a
background to that paper. The present chapter also introduces concepts and equa-
tions that are important in the study of polymer dynamics in chapter 3 as well as for
the understanding of the electromagnetic response of molecules (chapter 5) and the
response of electrolytes as discussed in chapter 7.

2.1 The Langevin and Smoluchowski equations

In this section we investigate the equation of motion for a particle in a liquid.
Consider a particle in a liquid and let us assume that there isa time-dependent

force~F(t) on the particle. The molecules of the liquid collide in a stochastic fashion
with the particle, which then exhibits a random type of motion that in the general
case is described by Langevin’s equation [5]:

m
d~v
dt

= ~F(t)�$
ξ �~v+~g(t); (2.1)

where~v(t) = d~x(t)=dt is the velocity of the particle at timet. The term on the LHS
is the inertial term. The second term on the RHS is a friction (dissipative) force as

caused by the cooperative effect of the surrounding solventmolecules.
$
ξ is in the

general case a 3�3 tensor and is the friction tensor of the particle, which depends on
the viscosity of the liquid as well as the size and shape of theparticle (this tensor is
thoroughly discussed in the next section where we investigate the fluid dynamics).
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2 Particle motion in viscous liquids~g(t) is a stochastic force (the ensemble average is zero,h~g(t)i =~0) and represents
the individual collisions between the molecules in the liquid and the particle. Since
the friction and the stochastic force have the same origin (collisions between par-
ticle and solvent molecules) the amplitude of the stochastic force is related to the
friction tensor, through the fluctuation-dissipation theorem [6]. For the case of a
time-independent friction tensor the fluctuation-dissipation theorem takes the form

(assuming a scalar friction tensor
$
ξ= ξ):h~g(t) �~g(t 0)i= 2dξkBTδ(t� t 0) (2.2)

whereδ(z) is the delta-function andd is the number of dimensions in which the mo-
tion takes place. The Boltzmann constant is denoted bykB andT is the temperature
of the solvent. Eq. (2.2) gives an explicit expression for the friction constantξ in
terms of the correlations of the stochastic force. In the absence of any external and
stochastic force the Langevin equation has the solution~v =~v0exp(� t=τ), where
the relaxation time isτ = m=ξ and~v0 is the initial particle velocity. Because of the
stochastic nature of the motion of the particle (as contained in Langevin’s equation)
the particle velocities must be described in terms of aprobability distributionfor
different particle positions and velocities,P(~x;~v; t). The probability distribution cor-
responding to Eq. (2.1) satisfies an equation, known as the Fokker-Planck equation
[5]. At equilibrium (no time-dependence and no external force) the solution of the
Fokker-Planck equation is the usual Maxwellian velocity distribution [5].

We now consider motion of small particles at low velocities.As we will see
in the next section the friction force acting on a particle is� ηLv, whereη is the
viscosity of the liquid andL a typical linear size of the particle. We are primarily
interested in applying our analysis to particles moving with small velocities through
viscous liquids. For this kind of motion the ratioRpart between the inertial force and
the viscous force is typically small.Rpart can be written [7]

Rpart= Lvρpart

η
; (2.3)

whereρpart is the particle density. As an example of smallRpart motion consider a
bacterium in water. For water at room temperature,η� 10�3 Ns/m2. A bacterium is
typically one micron (L� 1 µm) in size and has roughly the same density as water.
If such an object moves by a speed,v= 1 mm/s, we haveRpart� 10�3. We hence
assume thatRpart� 1 and Eq. (2.1) then becomes [6]$

ξ �d~x
dt

= ~F(t)+~g(t): (2.4)

This equation is valid for liquids with high viscosity, small particle velocities and
sizes. The neglect of inertia [i.e. the term on the LHS in Eq. (2.1)] in practice means
that we only study processes occurring on time scales largerthan the relaxation
time τ introduced above. The corresponding Fokker-Planck equation, the so called

6



2.2 Low Reynolds number fluid mechanics

Smoluchowski equation, for the probability distributionP(~x; t) which corresponds to
the Langevin equation, Eq. (2.4), is [8]:

∂P(~x; t)
∂t

= 1
ξ
~∇ � [kBT~∇P(~x; t)�~F(~x; t)P(~x; t)]; (2.5)

where we have assumed the friction tensor to be a scalar
$
ξ= ξ for simplicity. When

the force is constant, the one-dimensional solution to thisequation that satisfies the
initial condition that the particle is atx= 0 att = 0 [ i.e., P(x; t = 0) = δ(x)] is

P(x; t) = ( 1
4πDt

)1=2exp[� (x�vdrift t)2

4Dt
]; (2.6)

where we have introduced the diffusion constant,D � kBT=ξ and the drift velocity
of the particle

vdrift = F=ξ: (2.7)

This expression for the drift velocity is used in paper III, where the force is taken
as the force on a neutral polarizable particle in an electricor electromagnetic field
gradient. From Eq. (2.6) we see that the mean distance,xdrift , a particle travels under
the influence of the external force during a timet is xdrift � vdriftt. In addition to this
[due to the stochastic force,~g(t)] there is diffusive motion which tends to spread
the positions of the particle aroundxdrift . Notice that if diffusion is absent (D = 0)
the probability distribution is simplyP(x; t) = δ(x�vdriftt). We also notice that for
low Reynolds numbers the mass of the particle does not enter into the expression
for the probability distribution. In the absence of any force there is no drift and only
diffusion. Using the above probability distribution, it isstraightforward to show that
the mean square displacement ishj~x(t)�~x(0)j2i= 2dDt; (2.8)

where we generalized the result tod dimensions [Eq. (2.8) can also be directly ob-
tained from the Langevin equation Eq. (2.4) together with the fluctuation-dissipation
theorem Eq. (2.2)]. The mean distance a particle travel by diffusion is thus propor-
tional to the square root of time� t1=2. This means that in small volumes (such as
cells, which are� 10µm) diffusion may suffice as a method of transportation. How-
ever for larger system diffusion is an inefficient way of transportation; for instance
if the cell size would be increased by a factor ten, then the time required to diffuse
from one end of the cell to the other is increased hundredfold.

2.2 Low Reynolds number fluid mechanics

In this section we study the fluid dynamical equations at low Reynolds number. In
particular a general expression for the friction constant is obtained in terms of the
viscosity of the liquid as well as the size and shape of the particle.

7



2 Particle motion in viscous liquids

The total force~F (and hence the friction constant) acting on a particle mov-
ing (with a velocity~vpart) through a viscous liquid is obtained by integrating the
µ-component (µ=x,y or z) of the force per unit area,fµ, over the surface of the object
[9, 10]

Fµ = I
fµdS= ∑

λ

I
σµλnλdS; (2.9)

with nv being the normal to the surface andσµλ is the stress tensor explicitly given
by

σµλ =�pδµλ+η(∂vµ

∂xλ
+ ∂vλ

∂xµ
); (2.10)

assuming an incompressible fluid.~v(~x) is the induced velocity distribution in the
liquid. The first term of the above equation is the direct momentum transfer of
the liquid to the object [p(~x) is the pressure in the liquid] - the so called pressure
drag [11]. The pressure exerts a force in thenormal direction to the surface. The
second term is the frictional drag caused by friction stressactingtangentiallyon the
surface.η is the shear viscosity of the liquid. The relative importance of the pressure
and frictional drag depends on the shape of the object. For example a plate moving
edge-on in a liquid feels practically no pressure drag but only frictional drag. On the
other hand if the plate moves with the flat side against the stream the pressure drag
is much larger than the frictional drag [11].

The velocity distribution,~v(~x) and the pressure distributionp(~x) are in the gen-
eral case determined by the Navier-Stokes equation [9, 11].The fluid parameters
entering this equation are the fluid densityρ and the viscosityη. We are primarily
interested in applying our analysis to biological systems such as cells moving with
small velocities through viscous fluids. We will therefore assume that the dimen-
sionless number (L is a characteristic length of the particle)

R= Lvρ
η

(2.11)

is small,i.e., thatR� 1. R is the so calledReynolds number, which plays an impor-
tant role in hydrodynamics [9]. The above expression for theReynolds number is
identical to the ratio between the particle inertia and the viscous force as contained
in Eq. (2.3) provided we replace the particle densityρpart by the fluid densityρ.
Assuming small Reynolds numbers thus corresponds to neglect of fluid inertia. At
small Reynolds number, R andsteady flow, the Navier-Stokes equation reduces to
the linear equation [9, 12]

η∇2~v�~∇p= 0: (2.12)

Notice that the above equation does not contain the density,ρ, of the liquid and the
only parameter entering the fluid mechanical problem is the viscosity,η. This equa-
tion is supplemented by the mass conservation equation (theequation of continuity),
which for incompressible liquids reduces to [9, 12]~∇ �~v= 0: (2.13)

8



2.2 Low Reynolds number fluid mechanics

There are always forces of molecular attraction between a viscous liquid and a solid -
the liquid layers close to the body “adhere” to the body [10].The boundary condition
is then that the fluid velocity (both normal and tangential components) at the surface
equals the particle velocity (no slip and no penetration),i.e. [9, 10]~vjsurface=~vpart: (2.14)

Eqs. (2.12), (2.13) and (2.14) together with the boundary condition~v(j~xj ! ∞) = 0
completely determines the velocity of the liquid and the pressures in the liquid.

Let us now obtain the friction constant for the particle motion. By taking the
divergence (~∇�) and the curl (~∇�) on Eq. (2.12) and using Eq. (2.13) we obtain the
alternative equations:

∇2p = 0;
∇2(~∇�~v) = 0: (2.15)

The pressure and the vorticity,~∇�~v, are hence harmonic functions. We will in
chapter 4 find that the electric and magnetostatic potentials satisfies an identical
(Laplace) equation as does the pressurep above. Much of results obtained in the
field of fluid dynamics can therefore be used for electric and magnetic problems
as well (and vice versa), keeping in mind that the boundary conditions in general
differ. Since the boundary condition, Eq. (2.14), is specified entirely in terms of the
velocity field and the pressure can be eliminated from the fluid dynamical equations
[see Eq. (2.15)]~v must at low Reynolds numbers everywhere be independent ofη.
The pressure, however, depends on the viscosity through Eq.(2.12). Sincep is a
harmonic function, see Eq. (2.15), it can be written as an expansion in spherical
harmonics. The dominant term far from the particle has the form [9]

pjr large� p∞

η
= 3

2 ∑
µ;λReff;µλ

xµ

r3 vpart;λ; (2.16)

whereReff;µλ is the “effective radius” of the particle and is a 3�3 tensor with di-
mension of length andp∞ is the uniform pressure in the fluid in the absence of the
moving particle. The factor 3=2 has been extracted for convenience. The asymptotic
form for~v is then obtained through Eq. (2.12) and is (as may be verified by direct
substitution)

vµjr large= 3
4 ∑

λ;σReff;λσ(δλµ

r
+ xλxµ

r3 )vpart;σ: (2.17)

We notice that the induced velocity field around a moving particle at large distances
is � 1=r. The velocity field thus decays slowly with distancer from the particle.
This means that if a second particle is in the liquid at a distance, say, ten particle
radii away, the liquid velocity at that second particle is one tenth of the velocity in
the vicinity of the first particle, thereby inducing a long-range hydrodynamical force
between the particles. This hydrodynamical coupling is forinstance important in
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2 Particle motion in viscous liquids

polymer physics (see chapter 3), where hydrodynamical interaction between poly-
mer segments strongly affect the total friction for the polymer motion. By using
Gauss equation together with the fluid equations of motion the expression for the
force, Eq. (2.9), can be turned into an integral at infinity [9]. Using the above ex-
pansions one thereafter finds that the force becomesFµ = �∑λ ξµλvpart;λ where the
friction constant is

ξµλ = 6πηReff;µλ: (2.18)

For a spherical particle the effective radius is a scalar equal to the radius of the par-
ticle, and the above equation becomes the well-known Stoke’s law [9]. The general
method for obtaining the friction constant for a particle moving steadily through a
viscous liquid is hence (in the low Reynolds number approximation): (i) Solve Eqs.
(2.12), (2.13) and (2.14) together with boundary condition~v(j~xj=∞) = 0. (ii) Make
an asymptotic expansion of the solution and identifyReff;µλ through Eqs. (2.16) and
(2.17). The friction constant is then given by Eq. (2.18).

Strictly speaking Eq. (2.18) is valid only for steady motion. However it can be
shown [13] to be valid also forunsteadymotion as long as the characteristic time for
particle motion is longer than the relaxation timeτ = ρ f L2=η (L is a characteristic
length of the particle andρ f is the fluid density). In terms of the Reynolds num-
ber R [see Eq. (2.11)] we haveτ = RL=v: As long as the characteristic time scale
of the problem is longer thanτ we can safely assume that the friction constant is
independent of time. By introducing the mass of the displaced fluid mf � ρ f L3 we
notice that the the relaxation time can be writtenτ � mf =ξ. This expression for
the relaxation time is identical to the relaxation time introduced in connection to
the Langevin equation, Eq. (2.1), but where the particle mass is replaced by the dis-
placed fluid mass. Returning to our previous example of aµm-sized bacteria moving
in water we straightforwardly obtainτ � 10�6 s [7]. For small objects the friction
tensor thus quickly relaxes to the result as given by Eq. (2.18).

It is interesting to note that the viscous force is proportional to the effectivera-
dius(dimension of length) of the particle instead of (as might beintuitively assumed)
the cross sectionalareaof the particle. This can be understood through dimensional
arguments; the only parameters entering the analysis areη and the particle velocity
vpart (since for low Reynolds numbers Navier-Stoke’s equation isindependent of the
fluid densityρ). The only combination of these quantities giving dimension of force
is ηLvpart (since[η]=kg/ms), whereL is a typical length of the particle.

Let us now as an illustrative example find the solution of the low Reynolds num-
ber Navier-Stoke’s equation for an ellipsoid (with principal radii ax, ay andaz, see
Fig. 2.1) moving through a viscous fluid and in particular obtain the friction tensor of
the ellipsoid. We must then solve Eqs. (2.12) and (2.13) together with the boundary
condition Eq. (2.14) for the flow around an ellipsoidal particle moving with velocity
u along the x-axis,i.e.,~vpart= (u;0;0). Following [14] we make the ansatz

vx = A
∂2Ω
∂x2 +B(x∂χ

∂x
�χ);

10



2.2 Low Reynolds number fluid mechanics

x

z

az

ay

ax

Figure 2.1: An ellipsoid. The principal radii areax, ay andaz.

vy = A
∂2Ω
∂x∂y

+Bx
∂χ
∂y

;
vz = A

∂2Ω
∂x∂z

+Bx
∂χ
∂z

; (2.19)

whereΩ andχ are harmonic functions given by Eqs. (A.5) and (A.6) respectively.
The ansatz, Eq. (2.19) yields(vx;vy;vz) = (0;0;0) at infinity as it should. By us-
ing Laplace equation, Eq. (A.7), it is straightforward to show that the ansatz, Eq.
(2.19), satisfies the equation of continuity, Eq. (2.13). Let us now show that the
low Reynolds number Navier-Stoke’s equation, Eq. (2.12), can be satisfied with the
ansatz above. We find

∇2~v= 2B~∇(∂χ
∂x

): (2.20)

Comparing this with Eq. (2.12) we see that Navier-Stokes equation is satisfied for a
pressure distribution in the liquid given by

p� p∞ = 2Bη
∂χ
∂x

; (2.21)

i.e., the pressure is related the spatial derivative ofχ alongx.
We now show that the constantsA andB can be chosen such that the boundary

condition Eq. (2.14) is satisfied. The surface of the ellipsoid corresponds toξ = 0
[see Eq. (A.1)]. From Eqs. (2.19), (A.8) and (A.11) we then straightforwardly find
that the boundary conditionvz(ξ = 0) = vy(ξ = 0) = 0 gives the condition

2πA
a2

x
+B= 0 (2.22)

for the constantsA and B. Furthermore using the boundary condition for the x-
component of the velocity fieldvx(ξ = 0) = u we obtain

4πAnx�2BQ= u; (2.23)

11



2 Particle motion in viscous liquids

whereQ is given by Eq. (A.12) andnx is the depolarization factor given by Eq.
(A.13). Combining the results above we get

A = �Ba2
x

2π
;

B = �1
2

u
Q+nxa2

x
: (2.24)

The general solution to the Navier-Stokes equation is then given by Eqs. (2.19),(2.21)
and (2.24). Notice that the fluid velocity is independent ofη [see discussion follow-
ing Eq. (2.15)].

The force exerted on the ellipsoid is obtained by finding the asymptotic expan-
sion of the solution, Eq. (2.19). At large distances from theellipsoid,Ω andχ take
the form [14]Ωjr large=�4πaxayaz=3r andχjr large= 2axayaz=r. Inserting these as-
ymptotic expansions in Eq. (2.19) we find

vxjr large = �2Baxayaz(1
r
+ x2

r3 );
vyjr large = �2Baxayaz

xy
r3 ;

vzjr large = �2Baxayaz
xz
r3 ; (2.25)

where we have used the fact that the first terms of Eq. (2.19) are� A=r3 and can
therefore be neglected (the velocity far from the ellipsoidis hence completely de-
termined by the functionχ). Also note that the pressure, Eq. (2.21), far from the
ellipsoid, decreases according top� B=r2. Comparing the above asymptotic ex-
pression for the velocity with Eq. (2.17), we identify the effective radius accord-
ing to 3

4uReff;xx = �2Baxayaz or, using Eq. (2.24), the force is [see Eq. (2.18)]
Fµ =�∑µξµµuµ, where the friction tensor is

ξµµ = 6πηReff;µµ;
Reff;µµ = 1

π
V

Q+nµa2
µ
; (2.26)

whereV = 4πaxayaz=3 is the volume of the ellipsoid. We have generalized the result
to motion along any of the three principal axes (µ= x;y;z). We notice that the friction
tensor depends on both particle properties (through the effective radius) and solvent
properties (through the viscosity). The result for the friction tensor, Eq. (2.26), is
used in paper III.

We have in this chapter investigated the motion of particlesthrough viscous liq-
uids. In particular we have found that for small particles moving with small ve-
locities (low Reynolds number motion) friction dominates inertia. The equations
governing the particle motion are the Langevin equation, Eq. (2.4) or the Smolu-
chowski equation, Eq. (2.5). We have also obtained an explicit expression for the
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2.2 Low Reynolds number fluid mechanics

friction tensor for an ellipsoidal particle [see Eq. (2.26)] in terms of the viscosity
and the hydrodynamic effective radius of the particle, by solving the low Reynolds
number hydrodynamic equations. These results provide a background to paper III in
which the motion (as caused by an electromagnetic field gradient) of an ellipsoidal
particle moving through a viscous liquid is investigated. The present chapter also
gives background results relevant for chapters 3, 4, 5 and 7.
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CHAPTER 3

Polymers and membranes

In this chapter we investigate the properties of soft matter[15, 16] - in particular
polymers and fluid membranes. The physics of non-interacting polymers in a sol-
vent is described. We find that the equilibrium properties ofpolymers are described
by random walk physics. We also study polymer dynamics. Fluid membranes are the
two dimensional “generalization” of polymers. We study theequilibrium physics of
membranes and compare to the corresponding polymer results. In paper II the mo-
tion of charged polymers in an electrolyte driven through a nanopore in a membrane
by an electric field is investigated. The concepts such as persistence length, radius of
gyration and mobility matrix developed in this chapter are important for that paper
(together with the discussion in chapter 7) .

3.1 Equilibrium physics of polymers

In this section we describe the equilibrium properties of polymers.
A polymer, as discussed here, is a linear chain of chemicallybonded molecules.

It is experimentally found that if the number of molecules inthe chain is “suffi-
ciently” large they have universal properties (i.e., the properties are independent on
chemical composition). Let us give a simple argument why this should be so. We
consider a long polymer where the the positions along the polymer are specified by~x(p), wherep is the parameter of the curve. The parameterp is chosen such that the
vector~u(p) = ∂~x=∂p is a unit tangent vector to the chain, and a straight polymer thus
corresponds to~u(p)=constant. We now assume that the polymer is characterized by
a bending energy [17, 8]

Ubend= κp

2

Z L

0
d p(∂~u

∂p
)2; (3.1)

whereL is the contour length of the polymer andκp is the bending modulus of the
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3 Polymers and membranes

polymer and is determined by local chemical interactions (κp has dimension of en-
ergy times length). When the polymer is in a solvent it is randomly “kicked” by
collisions with the solvent molecules. The strengths of thecollisions are determined
by the thermal energykBT, wherekB is the Boltzmann constant andT is the temper-
ature of the solvent. The effect of these collisions is that tangent vectors that are far
away from each other along the polymer contour become uncorrelated. In fact one
straightforwardly shows that for a polymer characterized by the bending energy as
given by Eq. (3.1) [8] h~u(p) �~u(0)i = exp(� p

a
); (3.2)

i.e., correlations decay exponentially along the polymer. We have introduced a quan-
tity known as thepersistence length aof the polymer:

a= κp

kBT
: (3.3)

The physical meaning of the persistence length is that it is the length over which
the polymer appears rigid. We have above made the simplifying assumption that
the chemical nature of the polymer can be described through abending modulus.
However the notion of persistence length as the length outside of which there are no
correlations along the polymer does not depend on the exact model chosen and is
universal [18]. We have, for long polymers, therefore reduced the chemical problem
to that of determining the persistence length of the polymer. Notice thatL = Na,
whereN is the number of persistence lengths. We then choosea andN as the rel-
evant parameters describing a long polymer. As an example single stranded DNA
molecules have a persistence lengtha� 1 nm, whereas double-stranded DNA mole-
cules havea� 50 nm [17].

Now we proceed by investigating the statistical equilibrium properties of long
linear polymers. We then have the following problem at our hands: A chain consist-
ing of N segments of lengtha, where the direction of each segment is independent of
the direction of the previous segment (this is as is discussed above caused by thermal
collisions with the solvent molecules). The single polymerproblem is then nothing
but the random walk problem as illustrated in Fig. 3.1 We follow [19] and consider
the polymer statistics as a random walk on alattice for illustrative reasons. The
number of nearest neighbours to a point on the lattice is denoted bys. We can now
ask questions like: What is the expected end-to-end vector~R=~xN�~x0 of the poly-
mer? Because the polymer performs a random walk (a step to theright is equally
probable as a step to the left) we haveh~Ri = 0; (3.4)

i.e., the expectation value of the polymer end-to-end vector equals zero. This quan-
tity then does not provide us with any information about the size of the polymer.
Instead we introduce the center-of-mass position~RC = (∑n~xn)=N of the polymer.
The deviations from the center-of-mass is then described bythe radius of gyration
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a

x0

xN

Figure 3.1: A polymer can be modeled as a random walk with step lengtha, wherea is the
persistence length of the polymer. The random walk start at position~x0 and ends at position~xN. The number of nearest neighbours to a point on the lattice isdenoted bys.

Rg of the polymer

R2
g� 1

N ∑
n
h(~xn�~RC)2i = Na2

6
; (3.5)

where the last result follows straightforwardly [8]. The “size” of the polymer is
thus� N1=2, which is characteristic of any intersecting random walk. We have so
far excluded the fact that a polymer cannot intersect itself. Including this so called
excluded volume effect (non-intersecting random walk) onefinds thatRg � N3=5

[19], i.e., the size of the polymer is increased as a result of the excluded volume
effect. Which type of random walk statistics that is most appropriate for a given
problem depends for instance on the nature of the solvent andis beyond the scope
of this introductory text. The interested reader is referred to Refs. [8, 19, 18]. We
will here mainly be concerned with intersecting random walks for simplicity.

We now introduce a mathematical entity known as the polymer Green function
G(~x;~x0;N). By definition we have thatsNG(~x;~x0;N) gives the number of statistically
weighted paths starting at~x and ending at~x0. The factorsN, which gives the total
number of paths ofN steps, has been extracted for convenience. In the absence
of any external potential and in the continuum limit the Green function becomes
[8, 19, 18]

G0(~x;~x0;N) = g0
x(x;x0;N)g0

y(y;y0;N)g0
z(z;z0;N);

g0
v(v;v0;N) = ( 1

4πR2
g
)1=2exp[�(v�v0)2

4R2
g

]; (3.6)

wherev= x;y;z andN is the number of polymer segments (the number of steps in
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3 Polymers and membranes

the random walk) as before. The Green function is thus a Gaussian the width of
which is determined by the radius of gyrationRg. In the presence of an external
potentialU(~x) one must weight each polymer conformation by a Boltzmann factor
[8, 19, 18]

exp[�β∑
n

U(~xn)]; (3.7)

when calculating the Green’s function. The sum is over all segment positions and
as beforeβ = 1=kBT wherekB is the Boltzmann constant andT the temperature
of the solvent. TakingU(~x) into account using the recipe above (i.e., by explicitly
weighting each conformation by a Boltzmann factor) is usually not very convenient
for explicit calculations. Instead one can show that the polymer Green’s function
in the presence of an external potential satisfy the following differential equation
[8, 19, 18]: [ ∂

∂N
� a2

6
∇2+βU(~x)]G(~x;~x0;N) = δ(~x�~x0)δ(N); (3.8)

where∇2 = ∂2=∂x2+∂2=∂y2+∂2=∂z2 and we have taken the continuum limit. This
equation is appropriate for calculating the polymer Green’s function.

We close this section by considering an example which servesto illustrate the
importance of theconnectivityof the polymer (i.e., the fact that the molecules in the
polymer are linearly attached to each other) as well as the usefulness of Eq. (3.8) for
practical applications. Consider a polymer confined in a boxof volumeV = LxLyLz.
The confinement is imposed by letting the potentialU = ∞ outside the box (and
U = 0 inside). This is effectively the same as imposing the condition G(~x;~x0;N) = 0
on the boundary of the box. The solution of Eq. (3.8) with thisboundary condition
is [8]

G(~x;~x0;N) = gx(x;x0;N)gy(y;y0;N)gz(z;z0;N);
gx(x;x0;N) = 2

Lx

∞

∑
p=1

sin( pπx
Lx

)sin( pπx0
Lx

)exp(� p2π2R2
g=L2

x)
and similarly forgy andgz. Before proceeding we recall that for an ideal gas the
pressure on the walls ispv = kBT=V (v= x;y;z). Let us now calculate the pressure
the polymer exerts. The pressure ispx = (kBT=LyLz)∂ lnZ=∂Lx where we have in-
troduced the partition functionZ= R

d3xd3x0G(~x;~x0;N). Using the above expression
for the Green function we find that the partition function becomesZ = ZxZyZz where

Zv = 8
π2Lv

∞

∑
p=1;3;:: 1

p2 exp[�π2R2
g

p2

L2
v
]: (3.9)

We now distinguish between two cases. First consider a polymer which is smaller
than the boxRg� Lv. We then findZv = (8Lv=π2)∑∞

p=1;3;:: 1=p2 = Lv and we there-
fore get the pressure

px = kBT
V

(3.10)

18



3.2 Polymer dynamics

and similarly forpy andpz. When the polymer is small compared to the size of the
box it can be treated as a point particle and therefore satisfy the ideal gas law as
expected. We proceed by considering the case when the radiusof gyration of the
polymer is larger than the size of the boxRg� Lv (but where the persistence length
is smaller than the boxa� Lv). We then haveZv = (8=π2)Lvexp[�π2R2

g=L2
v] which

gives the pressure

px� 2π2R2
g

L2
x

kBT
V

(3.11)

in thex-direction (the expression forpy andpz are similar). We see that there is now
a dependence on the parameterRg=Lv in the expression for the pressure. We notice
that this deviation from the ideal gas law is a direct consequence of the connectivity
of the chain; since we assumea� Lv unconnected chain segments would satisfy the
ideal gas law. It is thus the mere “act” of connecting the segments that gives rise to
the deviations from ideal gas behaviour. The connectivity of a polymer proves to be
important also for the results in paper II, in which the motion of a polymer through a
nano-pore is investigated. We find that when the length of thepore is large compared
to the polymer persistence length, the connectivity of the polymer enhances entropic
confinement effects which in turn has a large impact on the polymer motion.

3.2 Polymer dynamics

In this section we discuss the dynamics of a single polymer ina solvent.
The equation of motion for a polymer satisfies a low Reynolds number equation

of motion just as does a single particle in a solvent (see chapter 2). Two additional
complications in the study of polymer dynamics are: (i) the connectivity of polymer
segments (ii) hydrodynamics coupling between segments. The most general equa-
tion of motion for segmentn at position~xn(t) = (xn(t);yn(t);zn(t)) at timet is [8, 18]
[compare to Eq. (2.4)]

∑
n

$
H
�1

mn �∂~xn

∂t
=�~∇mU +~Fext(~xm)+~gm(t); (3.12)

where~∇m = (∂=∂xm;∂=∂ym;∂=∂zm) and we have in a standard fashion neglected

inertial terms. The tensor
$
Hnm is the so called mobility matrix and has dimension

of inverse friction.~gm(t) is a stochastic force acting on segmentm and the external
force acting on the polymer is denotedFext(~x). The first term on the RHS is the force
as caused by the connectivity of the chain. A consistent choice of the potentialU is

U = k
2∑

n
(~xn�~xn�1)2; (3.13)

wherek = 3kBT=a2. This choice ofU makes sure that the Green’s function goes
to its equlibrium value at long times [8, 19, 18]. We notice that U has the form
of an interaction potential between harmonically coupled particles. The equation
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3 Polymers and membranes

above can be turned into a Smoluchowski equation for the probability distribution
P(f~xngN

n=1; t) [8]. When hydrodynamic interactions between segments are excluded

the mobility matrix takes the form (
$
I is the 3�3 unit matrix)$

Hnm= $
I
ξ

δnm; (3.14)

i.e., mobility matrix is the inverse of the friction constant (ξ is the local friction con-
stant for a segment), which in turn is caused by the local interaction of each segments
with its local solvent environment. The above choice of the mobility matrix is the
main assumption underlying theRouse modelof polymer dynamics. Eq. (3.12) can
then be solved by a Fourier transform. The result and corresponding normal modes
of the polymer can be found in most textbooks on polymer dynamics [8, 19, 18]. We
here only give the result for the center-of-mass mean squaredisplacement which is
[compare to Eq. (2.8)] hj~RC(t)�~RC(0)j2i= 6Dt; (3.15)

where

D = kBT
Nξ

: (3.16)

The total friction is thusξtot = Nξ, i.e., each segments contributes equally to the
friction for the polymer. The diffusion of the center-of-mass of the polymer is the
slowest dynamics process for a free polymer. The higher order normal modes in the
Rouse model correspond to internal relaxation processes inthe polymer.

Unfortunately theN�1-dependence of the center-of-mass diffusion constant for a
polymer as obtained in the Rouse model does not agree with experiments. This fail-
ure comes from the fact that we have neglected hydrodynamic interactions between
segments; as we saw in the previous chapter the velocity fieldaround a moving par-
ticle decays slowly with distancer between segments,v � 1=r. This long-range
disturbance of the velocity is felt by other segments. Once the hydrodynamic cou-
pling is included in the mobility matrix Eq. (3.12) is no longer analytically solvable.
Using dynamical scaling laws and more elaborate approximation schemes [8, 18]
(the so calledZimm modelof polymer dynamics) one finds thatξtot�N1=2, i.e., that
the polymer behaves as a “ball” of radiusR= Rg � N1=2 (no excluded volume ef-
fects) whereRg is the polymer radius of gyration. This result originates from the fact
that when a polymer is moving through a viscous liquid only the “outer” segments
in the coil interact with the liquid. The “inner” segments are protected/screened
from interaction with the solvent by the outer segments. Because of the long-range
character of the liquid velocity field around a moving particle at low Reynolds num-
bers, the presence of walls affect the polymer friction. In particular when a polymer
moves through a pore the presence of the surrounding walls affect the friction [19].
This observation is important for the results obtained in paper II.
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3.3 Fluid membranes

3.3 Fluid membranes

As discussed in the introduction a cell membrane is a bilayerof phospholipid mole-
cules, with cholesterol and proteins embedded or attached.In this section we mainly
limit the discussion to theequilibrium physics of lipid membranes. We will also
discussvesicles, which are closed lipid membranes and thus provide the simplest
possible model systems of cells.

The current theoretical understanding of the equilibrium properties of mem-
branes is based on the concept ofbending elasticityof a membrane [20, 21, 22,
23, 24]. When discussing the elastic theory of membranes there are three distinct
possible deformation, see Fig. 3.2 (i) Stretching - in this kind of deformation the area
of the membrane is locally changed (ii) A shearing motion is an in-plane deforma-
tion which preserves the area (iii) Bending is a deformationin the normal direction
of the membrane. We now follow [20] and [25] when writing the elastic energy of
a membrane: The membrane is in a 2-dimensionalfluid state, which means that a
shearing deformation cost a very small amount of energy and can be neglected in
the free energy functional. Furthermore it is found that a membrane is essentially
unstretchable(it is an incompressible two dimensional fluid). It is then possible to
show that the most general expression for the elastic energyof a fluid membrane is:

Ubend= κm

2

Z (2H�Hsp)2dS+ κ̄m

Z
KdS; (3.17)

where the integrals go over the membrane surface. We have introducedHsp called
the spontaneous curvature which may be positive as well as negative and allows for a
bilayer that have chemically different outside than insideenvironment (as caused for
instance by proteins attached to the outer or inner bilayer). H is the mean curvature
defined in Eq. (B.16) andK is the Gaussian curvature [Eq. (B.15)]. The above
expression for the elastic energy is usually referred to asthe Helfrich Hamiltonian.
For closedmembranes (vesicles) the last term can be rewritten using the Gauss-
Bonnet theorem Eq. (B.19); the second term of the elastic bending energy is thus just
a constant (for a given topology). For unclosed membranes the second term of Eq.
(3.17) can be rewritten as an integral over the membrane boundary [26]. For most
practical purposes the elastic energy of bending of a vesicle is therefore effectively
determined by onlyone elastic constant,κm. Eq. (3.17) is the generalization of
the bending energy for a polymer introduced in Eq. (3.1). Notice however that the
elastic constant in the polymer case had dimension of energytimes length, whereas
the elastic constant in the present case has dimension of energy.

Given the internal energy of a membrane one may proceed as in the previous
section to define a persistence lengtha as the length outside of which there are no
correlations along the membrane (the membrane is randomly “kicked” by thermal
collisions with the solvent molecules). Such an analysis for an unclosed membrane
gives the result [25]

a= Λ�1exp(4πκm

3kBT
); (3.18)
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Figure 3.2: (top-left) A stretching deformation in the plane of a membrane (top-right) a
shearing deformation in the plane of the membrane (bottom) acut through a membrane
undergoing a bending deformation.

whereΛ is a cut off wavevector andΛ�1 is taken as the order of size of a lipid
molecule (i.e., a fewÅ). The above expression for the membrane persistence length
should be compared to the corresponding polymer result, Eq.(3.3). The polymer
persistence length is proportional to the elastic constant, whereas the membrane per-
sistence length is exponential in the elastic constant. This difference hence occurs
solely as an effect of going from a one to a two dimensional object. We can gain
some insight into the difference by investigating the elastic bending constants. The
only relevant energy scales in the problem are provided by the thermal energykBT
and the elastic constant. Since for a polymer the bending constant has dimension
of energy times length we can directly obtain a relevant length scale asκp=kBT.
However for a membraneκm=kBT is dimensionless. One is therefore forced to in-
troduce another relevant length scale, namely the cut-off distanceΛ�1. Sinceκm is
usually a few tens ofkBT [21] for realistic vesicles the persistence length [see Eq.
(3.18)] is typically much larger than the vesicle (a typicalvesicle size is� 1 µm)
[21]. This observation is also important for the model developed in paper II, where
we study the passage of charged polymers through a nano-porein a membrane; in
our model we assume that the membrane in which the nano-pore is reconstituted is
flat (or rather the membrane is flat over distances larger thanany other characteristic
length in the problem, such as the size of the pore or the polymer radius of gyration).
Since the persistence length of a membrane is typically muchlarger than the vesicle
size the equilibrium shape of a vesicle is determined by the shape of lowest elastic
energy (a universal random walk approach as applied to polymers cannot in general
be applied to membranes). Furthermore vesicles (unlike thepolymers considered in
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the previous chapter) are closed structures, which requires us to take the constraints
of fixed area and volume into account. A discussion of minimalshapes of vesicles
with the appropriate constraints can for instance be found in [21].

We have in this chapter discussed the properties of polymersand fluid mem-
branes. For both polymers and membranes we defined the persistence length as the
length outside of which there are no correlations along the polymer or membrane.
For many realistic polymers the persistence length is much smaller than its contour
length, which allow us to describe polymer equilibrium properties by random walk
statistics. For membranes, however, the persistence length is usually larger than the
typical vesicle size, which makes the theoretical analysisdifferent. We have fur-
thermore emphasized the importance of the connectivity as well as hydrodynamic
couplings in the study of soft matter. The results given in this chapter are particu-
larly important as a background to paper II, in which electrostatically driven motion
of charged polymers through a nanopore in a membrane is investigated.
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CHAPTER 4

Matter-field interactions

In this chapter we discuss the response of a system to an external electric or elec-
tromagnetic field by defining the polarization and the dielectric function. These
definitions are used in chapter 7 where we obtain the dielectric function of an elec-
trolyte. We derive a general expression for the extinction cross section, which is
used to obtain the cross section for molecules (chapter 5) and molecular aggregates
in chapter 6. We also present the solution of Gauss equation for an ellipsoidal po-
larizable particle which is used explicitly in paper III andserves as a background to
papers IV and V.

4.1 Mechanical work done by an electromagnetic field

In this section we give an expression for the extinction cross section.
Consider the physical situation where an external electromagnetic wave is inci-

dent on a system. The mechanical work,Emech, done by this field on the system is
then [27]

dEmech

dt
= Z ~Jind(~x; t) �~E0(~x; t) d3x; (4.1)

where~Jind(~x; t) is the induced current density in the system and~E0(~x; t) denotes
the external electric field. Following [28] we procced by dividing the charge into
inducedρind and externalρext charge densities,i.e.,

ρ(~x; t) = ρind(~x; t)+ρext(~x; t): (4.2)

The external charge density is simply charges that are situated outside the system
under investigation (giving rise to the external electric field~E0). The induced charge
density arises by the polarization of the system by the electric fields. We can write

ρind(~x; t) =�~∇ �~P(~x; t); (4.3)
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4 Matter-field interactions

where~P(~x; t) is the polarization of the medium. For the case of a number of mole-
cules with non-overlapping electronic wavefunctions~P is simply the induced di-
pole moment per unit volume [28]. It is sometimes convenientto split the induced
charge density into two contributions; “free” and “bound” charges. By free charges
we mean for instance free electrons in a metal or ions in an electrolyte. By bound
charges we mean charges such as bound electrons in a molecule, which are restricted
to motion in a localized region. We shallnot do this division here because it is
sometimes confusing. Therefore~P as given above is such that when there are “free”
charges they are included in our definition of the polarization. If we now restrict our
attention to systems where the total charge is conserved (i.e., no charge is added to
the system from outside) and where magnetic polarization effects are small (this is
usually the case [28]) then the relation between induced current density and induced
charge density satisfies the equation of continuity:∂ρind(~x; t)=∂t =�~∇ � ~Jind(~x; t) or
using Eq. (4.3) we find

∂~P(~x; t)
∂t

= ~Jind(~x; t); (4.4)

i.e., the rate of change of the polarization (as defined above) is simply the induced
current. Using this relation in Eq. (4.1) we get the alternative expression

dEmech

dt
= Z ∂~P(~x; t)

∂t
�~E0(~x; t)d3x; (4.5)

for the mechanical work done by the external field on the system.
We now proceed by assuming a harmonic time-dependence~E0(t) =Re[~E0(~x)e�iωt ] =

1
2[~E0(~x)e�iωt +~E0(~x)�eiωt ] and the same for~P(~x; t). The time-averaged power of Eq.
(4.5) then becomeshdEmech

dt
i= 1

2
Re(�iω

Z ~P(~x) �~E0(~x)�d3x) = ω
2

Im
Z ~P(~x) �~E0(~x)�d3x:

The mechanical energy can either be absorbed by the system orreradiated to the
surroundings (scattering). It is customary to define the extinction (or total) cross
section,σ, according to

σ� (Absorbed energy+scattered energy)/unit time
Energy flux of the incoming radiation

= σabs+σscatt:
The energy flux of the incoming radiation iscε0j~E0j2=2, whereε0 is the permittivity
of free space [27]. The extinction cross section for a harmonically time-varying field
then takes the form

σ(ω) = kj~E0j2ε0
Im

Z ~P(~x) �~E0(~x)�d3x: (4.6)

Here,k = j~kj= ω=c= 2π=λ, where~k is the propagation vector of the electric field.
The correct quantum mechanical expression is obtained by replacing~P(~x) by the
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4.2 Gauss equation

corresponding quantum mechanical expectation value [29].The calculation of the
induced polarization (or induced charge density) requires(classical or quantum me-
chanical) microscopic theories for the dynamics of the system. We will encounter
such theories in the remaining chapters in this study. If we assume that the wave-
length is much larger than the molecules of the system then the electric field only
probes the molecules as pointlike objects and we may write~P(~x) = ∑i ~piδ(~x�~xi).
Eq. (4.6) then becomes

σ(ω) = kj~E0j2ε0
Im∑

i
~pi �~E�

0;i: (4.7)

We point out that the extinction is a measureable quantity, and we will use the result
above in chapter 5 to get the cross section for molecules and in chapter 6 to find the
cross section for molecular aggregates.

The scattering cross section is proportional tok4 [30], whereas, as seen above,
the extinction cross section is proportional tok. IntroducingL as a typical size of the
aggregate the “strength” of the scattering relative to the extinction cross sections is
determined by the dimensionless parameter,(kL)3 � (L=λ)3. Thus for small aggre-
gates as compared to the wavelength of the external field the extinction cross section
is much larger than the scattering cross section. A measurement of the absorption
then gives the same result as a measurement of the extinction.

4.2 Gauss equation

In this section we state the Maxwell macroscopic equations.We focus especially on
the non-retarded limit in which the Maxwell equations reduce to Gauss equation.

The total macroscopic electric~E and magnetic induction~B in vacuum are deter-
mined by the total charge densityρ and total currents~J in the system according to
the equations (in SI units)~∇ �~E(~x; t) = ρ(~x; t)=ε0;~∇�~E(~x; t) = �∂~B(~x; t)

∂t
;~∇ �~B(~x; t) = 0;~∇�~B(~x; t) = 1

c2

∂~E(~x; t)
∂t

+µ0~J(~x; t); (4.8)

whereε0 is the permittivity of free space as before,µ0 is the permeability of free
space andc= 1=pµ0ε0 is the velocity of light in vacuum. The above set of equations
are known asMaxwell’s macroscopic equations. We point out that all fields appear-
ing above are macroscopic quantities,i.e., they are averaged over a microscopically
large region of space [28]. A particularly interesting solution of the above equations
are that of an electromagnetic wave; the electric and magnetic fields couple into a
transverse wave moving with velocityc. The magnetic component of this field is of
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4 Matter-field interactions

the orderc smaller than the electric component [27]. We now, as in the previous sec-
tion, distinguish between induced and external charges. Maxwell’s equations then
become ~∇ �~D(~x; t) = ρext(~x; t);~∇�~E(~x; t) = �∂~B(~x; t)

∂t
;~∇ �~B(~x; t) = 0;~∇� ~H(~x; t) = ∂~D(~x; t)

∂t
+~Jext(~x; t); (4.9)

where~Jext is an external current density. The external current density is related to
the external charge densityρext through the equation of continuity:∂ρext(~x; t)=∂t =�~∇ � ~Jext(~x; t) [which is implicit in Eq. (4.8)]. We have introduced the displacement
field ~D(~x; t)� ε0~E(~x; t)+~P(~x; t): (4.10)

We notice from Maxwell’s equations that the displacement field is directly related
to the external charge density and is therefore an external field. We can thus write~D = ε0~E0, where~E0 is an external electric field. We have above, like in the pre-
vious section, neglected induced magnetic polarization effects so that the magnetic
induction~B is related to the magnetic field~H according to~B= µ0~H.

It is customary to introduce a dielectric function
$
ε (~x;~x0; t; t 0), which relates the

external~D-field to the total electric field~E in the system according to~D(~x; t) = Z
d3x0 Z t�∞

dt0 $ε (~x;~x0; t� t 0)~E(~x0; t 0): (4.11)

We notice that the dielectric function includes the effect of polarization (induced
charge density) by definition [see Eq. (4.10)],i.e., we have swept all information
about the microscopic dynamics into the dielectric function.

We now assume that we know the dielectric function of the system under in-
vestigation. Then the electric and magnetic fields are directly obtained through
Maxwell’s equations, Eq. (4.9). The general problem is difficult to solve. We will
here therefore make the non-retarded field approximation. In this approximation the
electric and magnetic fields decouple. In particular the magnetic correction to the
electromagnetic field is zero and the two relevant equationsin regions where there
are no external charge density (ρext = 0) are~∇ �~D = 0 and~∇�~E = 0. The latter of
these two equations allow us to introduce a scalar potential, Φ, according to~E(~x; t) =�~∇Φ(~x; t): (4.12)

Inserting this equation into the equation for the~D-field and using Eq. (4.11) we get~∇ � [$ε �~∇Φ(~x; t)] = 0; (4.13)
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4.2 Gauss equation

which is calledGauss equation. In regions where the dielectric function is a scalar
and does not depend on position Gauss equation reduces toLaplaceequation∇2Φ=
0.

We point out here that for regions where the current density vanishes themagne-
tostaticequations are of identical form as the non-retarded equations above [27]. We
have so far assumed that there is no induced magnetization inthe system; the mag-
netization is included into Maxwell’s equation through thereplacement~B= µ0~H !~B=$

µ �~H, where
$
µ is the magnetic permeability [27]. From Eq. (4.9) we then find

that, for regions with no current density, the two relevant magnetostatic equations
are:~∇ �~B= 0 and~∇�~H = 0. These equations are identical to the equations for the
electric fields in the non-retarded limit given above, with the replacements~E ! ~H
and~D! ~B. In particular we can introduce amagnetic scalar potentialΦm according

to ~H =�~∇Φm, which satisfies the equation~∇ �($µ �~∇Φm) = 0. This equation is iden-

tical to Gauss equation, Eq. (4.13), but where the dielectric function
$
ε is replaced

by the magnetic permeability
$
µ.

The Gauss equation (or Laplace equation) is a convenient tool for including
shapeeffects on the electric response of macroscopic particles (see papers III, IV
and V). As an illustration we solve Laplace equation for an ellipsoidal particle (see
Fig. 2.1) in a homogeneous external electric fieldE0 in thex-direction. The dielec-
tric function of the particle isεin and the medium has dielectric functionεm. We
follow [31] and make the ansatz for the potential,Φout, outside the ellipsoid:

Φout= Φ0+Φp; (4.14)

where
Φ0 =�E0x: (4.15)

For the induced potentialΦp outside the particle we take

Φp = Dxγx(ξ); (4.16)

whereγx(ξ) is an elliptic integral of the second kind given by Eq. (A.8) and ξ is the
“radial” ellipsoidal coordinate, see appendix A.D is an unknown constant which
is determined through the boundary conditions (see below).From Eq. (A.9) we see
thatΦp satisfies Laplace’s equation. For the potentialΦin, inside the the ellipsoid,
we make the ansatz

Φin = Ax; (4.17)

i.e., we assume that the field inside the ellipsoid is linear in thex-coordinate. Let
us show that it is possible to choose the constantsA andD such that the boundary
conditions that the potential as well as the normal components of the displacement
field are continuous [27] are satisfied. Since the surface of the ellipsoid corresponds
to ξ = 0 [ see Eq. (A.1)] the two boundary conditions are:

Φ0(ξ = 0)+Φp(ξ = 0) = Φin(ξ = 0);
εm

∂Φ0(ξ = 0)
∂ξ

+ εm
∂Φp(ξ = 0)

∂ξ
= εin

∂Φin(ξ = 0)
∂ξ

; (4.18)
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or explicitly using the ansatz above we find

A = �E0

nx

1
εi�1+1=nx

;
D = E0

2nx

εi�1
εi�1+1=nx

; (4.19)

whereεi � εin=εm is the relative dielectric function and the depolarizationfactornx

is given by Eq. (A.13). The above equations forA andD together with Eqs. (4.16)
and (4.17) completely determine the potential in all space.The shape of the particle
enters through the depolarization factornx [31, 32]. The depolarization factor is
an important entity which appear explicitly in papers III, IV and V. For a sphere
nx = 1=3 (see appendix A).

The electric field inside the ellipsoid is in thex-direction and of magnitudeEin =�∂Φin=∂x where explicitly, using the results above,

Ein

E0
=� A

E0
= 1

nx

1
εi �1+1=nx

: (4.20)

The electric field is hence screened inside the particle if the dielectric function of the
ellipsoid is larger than that of the surrounding medium. In particular, for a particle
having an electrolyte inside at low frequencies or being metallic we havejεij !
∞ (see chapter 7) and hence the electric field inside the particle is zero (perfect
screening).

We now make an asymptotic expansion ofΦp for large distances from the el-
lipsoidal particle in order to identify the induced dipole moment. We have [see Eq.
(A.8)]

Φp�D
V
2π

x
r3 ; (4.21)

whereV = 4πaxayaz=3 is the volume of the ellipsoid. The expression above for the
potential is that of a dipole [27] with dipole momentpµ = 4πε0εmαµµE0, where we
have introduced thepolarizabilityof the particle

αµµ= V
4πnµ

f (ω;nµ); (4.22)

with

f (ω;nµ) = εi(ω)�1
εi(ω)�1+1=nµ

(4.23)

and we have generalized the result to allow the external fieldto be along any of the
three principal axes (µ = x;y;z). For a metal or an electrolyte at low frequenciesjεij � 1 and the polarizability becomesαµµ�V=4πnµ, i.e., it is determined entirely
by the volume and the inverse depolarization factor (0� nµ� 1).

In this chapter we have discussed the work done by an externalfield by introduc-
ing the extinction cross section (a measurable quantity), Eqs. (4.6) and (4.7), which
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is used in chapters 5 and 6. The definition of dielectric function Eqs. (4.10) and
(4.11) will be used in chapter 7. We have furthermore discussed Gauss equation
and in particular we studied the particle shape dependence of the solutions to this
equation. We found that for an ellipsoidal particle the dependence on shape enters
through the depolarization factorsnx, ny andnz. These entities appear explicitly in
papers III, IV and V.
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CHAPTER 5

Single molecule polarizabilities

In this chapter we discuss the electric response of a single molecule and in particular
we study the polarizability

$
α (ω) of the molecule. The polarizability is in general

a 3�3 tensor, which relates the induced dipole moment to an external electric field~E0 at that molecule according to~p = 4πε0
$
α (ω) � ~E0(ω).� When the molecules

are situated in a medium of relative dielectric constantεm we make the replace-
mentε0 ! ε0εm. Polarizabilities for a molecule with simple electronic levels and
for electron-vibrationally coupled molecules are given. The results obtained in this
chapter provide a background to chapter 6 as well as to paper I, in which the in-
teraction between an external electromagnetic field and molecular aggregates is in-
vestigated; the polarizability of the constituent molecules there appear as important
entities.

5.1 General formalism

In this section we give the formal expression for the polarizability in terms of the
retarded dipole-dipole response function.

Let us consider a single molecule under the influence of an electric fieldEµ(t) =
Eµexp[i(~k �~r �ωt)], whereµ = x;y;z denotes vector components. In the linear
regime the response to the electric field is contained in the polarizability of the mole-
cule, which can be found as the Fourier transform [33]

αµν(ω) = 1
4πε0

Z ∞�∞
dteiωtΠµν(t;0); (5.1)�notice that this definition of the polarizability differ from the one given in paper I; in paper I we

define the polarizability
$
αI according to~p=$α I �~E0. The relationship between the polarizability as

given in that paper and the one given in this introductory part and paper III, IV and V is therefore:$
α I= 4πε0

$
α.
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where h̄ is the Planck constant.Πµν(t;0) is the retarded dipole-dipole response
function given explicitly by

Πµν(t;0) = i
h̄

Θ(t)hj[d̂µ(t); d̂ν(0)]ji; (5.2)

whereΘ(t) is Heaviside’s step function and̂dµ(t) is theµ-component of the dipole
operator. At zero temperature,T = 0, hj::::ji means the ground state expectation
value in the absence of the external field and atT 6= 0 hj::::ji means the thermal
expectation value. The polarizability is thus a property ofthe system in theabsence
of the external field. The time-evolution of the dipole operator is

d̂µ(t) = eiH0t=h̄d̂µe�iH0t=h̄ (5.3)

i.e., it is determined by the HamiltonianH0 of the molecule. Eq. (5.1) is a special
case of a general result, the Kubo formula, that connects theresponse to a weak
external perturbation of a system to some operator evaluated in equilibrium.

For a single molecule we may use Eq. (4.7) to obtain the extinction cross section

σ(ω)jsingle mol: = 4πk
3

Im[αµµ(ω)]; (5.4)

where we have taken the trace above in order to obtain the rotationally averaged
spectra (repeated vector indices are summed over). The extinction (a measureable
quantity) is thus determined by the imaginary part of the polarizability. The imag-
inary part is related to the real part of the polarizability throughKramer-Kronig
relation, which is a relation valid for response functions,αµν(ω), satisfying the fol-
lowing requirements [34],� The poles ofαµν(ω) are all below the real axis.� The integral ofαµν(ω)=ω vanishes when taken around an infinite semi-circle

in the upper half of the complexω-plane. It suffices thatαµν(ω)! 0 asjωj !
∞.� The functionRe[αµν(ω)] is even andIm[αµν(ω)] is odd.

For polarizabilitiesαµν(ω) satisfying these conditions the Kramer-Kronig relations
are

Re[αµν(ω)] = 2
π

P
Z ∞

0

ω0Im[αµν(ω0)](ω0)2�ω2
dω0;

Im[αµν(ω)] = �2ω
π

P
Z ∞

0

Re[αµν(ω0)](ω0)2�ω2
dω0: (5.5)

The fact that the real part is related to the imaginary part ofthe polarizability is due
to causality requirements [35].
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5.2 Two-level molecules

For a system characterized by a set of discrete energy levels, Eq. (5.1) can be eval-
uated (see appendix C). The result for the polarizability iscontained in Eqs. (C.4)
and (C.5). Let us here for simplicity consider a system with two electronic levels,
with energiesE0 andE1 respectively. The polarizability then becomes

αµν(ω) = αµν
0 ω2

10

ω2
10�ω2� iωL(ω) ; (5.6)

where

αµν
0 = hΦ0jd̂µjΦ1ihΦ1jd̂µjΦ0i

2πh̄ω10ε0
(5.7)

is the static polarizability of the molecules. ¯hω10 � E1�E0 is the energy differ-
ence between the electronic levels andjΦ0i (jΦ1i) is the ground state (first excited
state) eigenfunction. The parameterL(ω) corresponds to damping of the electronic
motion.

The form for the polarizability as given by Eq. (5.6) can be derived by a “classi-
cal” approach; this approach also sheds some light on the damping parameterL(ω)
and we therefore give the explicit derivation here. We assume that the motion of an
electron is described by Langevin’s equation, Eq. (2.1), wheremhere is taken as the
electron mass and the friction tensor is assumed to be a scalar ξ. The friction for
the electronic motion can for instance occur because of radiation damping or inter-
actions with the surroundings [36, 37]. The force on the electron from the nuclei is
assumed to take the form of a Hooke’s restoring force,i.e.,we take the force appear-
ing in Langevin’s equation as:F =�mω2

10x. Assuming harmonic time-dependence,
exp(� iωt), of all quantities and averaging Eq. (2.1), we find that the expected elec-
tron positionhxi satisfies the equation (limiting the discussion to one-dimensional
motion for simplicity)

mhxi(�ω2+ω2
10� iωL) =�eE0 (5.8)

where we have included the force�eE0 from an external electric field (�e is the
electron charge). We have also defined a damping parameterL� ξ=m. The expected
dipole moment of the atom ishpi=�ehxi and hence using Eq. (5.8) we writehpi=
4πε0αE0 where the polarizability is

α(ω) = α0ω2
10

ω2
10�ω2� iωL

; (5.9)

with α0 = e2=(4πε0mω2
10). The classical result Eq. (5.9) has the same form as Eq.

(5.6). The difference between the quantum mechanical and the classical results en-
ters through the static polarizabilityα0; in the quantum mechanical expressionα0

depends on the transition dipole matrix element which can only be calculated with
a knowledge of the molecular eigenfunctions. In the classical derivation above the
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Figure 5.1: (left) Absorption: The molecule receives energy, ¯hω, from the electromagnetic
field an ends up in an excited state. (right) Stimulated emission: The molecule gives up
energy, ¯hω, to the electromagnetic field and ends up in a lower molecularlevel.

damping parameterL is the ratio of the friction constant and the electron mass. In
terms of the relaxation timeτ introduced in Sec. 2.1 we haveL= 1=τ, i.e., the damp-
ing constant is related to the inverse relaxation time. In the general case the damp-
ing constant depends on frequency, for instance for radiative dampingL(ω) = ω2ϒ,
whereϒ = 2e2=3mc3 is a radiative damping parameter [27, 38].

The real part of the polarizability [assumingL(ω) to be real] is,

Re[αµν(ω)] = αµν
0 ω2

10(ω2
10�ω2)(ω2

10�ω2)2+ω2L2
; (5.10)

while the imaginary part, which corresponds to extinction,is

Im[αµν(ω)] = αµν
0 ω2

10ωL(ω2
10�ω2)2+ω2L2

: (5.11)

Sharp resonances occur at frequenciesω = �ω10, i.e., when the energy of the in-
coming light matches that of the energy difference between energy levels (see Fig.
5.1). ω = ω10 corresponds to the absorption of a photon, while atω = �ω10 the
molecule gives up energy to the electromagnetic field (stimulated emission).

Note that in the limit of very high frequencies,jωj ! ∞, the polarizability goes
to zero. This is due to the fact that at high frequencies the charges are unable to
follow the rapidly changing field.

The polarizability is in general a 3�3 tensor. For spherically symmetrical mole-
cules the induced dipole moment does not depend on the polarization of the in-
coming field and the polarizability is a scalar. For elongated molecules the induced
dipole moment will in general be larger along the major axis -if the coordinate sys-
tem is chosen such that this axis is along the x-axis thenαxx is larger thanαyy and
αzz. Off-diagonal elements of the polarizability correspondsto a situation where the
induced dipole moment is in a different direction than the polarization vector of the
external electromagnetic field.
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5.3 Electron-vibrationally coupled molecules

For larger molecules (such as biomolecules, see introduction) intramolecular vibra-
tions can be induced [39, 40], either directly by the external electromagnetic field
or indirectly through the Coulomb coupling between electronically excited electrons
and the nuclei. The latter mechanism and how it affects the polarizability is illus-
trated below.

The electrons and the nuclei are coupled through Coulomb interactions. When a
molecule is electronically excited the nuclei will feel this and adjust themselves to
the new electronic configuration. During the adjustment a vibration might be created
[in the previous section we implicitly assumed the nuclei massM to be infinite (the
so-called Born-Oppenheimer approximation),i.e., we excluded the possibility that
vibrations are created (an infinitely heavy particle cannotmove)]. For many systems
it is only vibrations of a specific energy, ¯hωvib, that couple significantly to the elec-
tronic motion (Einstein model). For this particular case the polarizability becomes
[33, 40, 41]

αµν(ω) = αµν
0 e�g(2N+1) ∞

∑
m=�∞

Im(2g[N(N+1)]1=2)eβmh̄ωvib=2� ω10ωm(ωm)2�ω2� iωL
; (5.12)

whereαµν
0 is the static polarizability as previously defined and

h̄ωm =h̄ω10�h̄41+h̄40+h̄ωvibm: (5.13)

The dimensionless electron- vibrational coupling paramenter, g, is sometimes re-
ferred to as theHuang-Rhys factor[40]. N is the occupation factor of the vibrational
mode

N = 1

ēhωvib=(kBT)�1
: (5.14)

Im are the modified Besselfunctions. ¯h40 is an energy shift of the electronic ground
state caused by fact that when the nuclei are allowed to relaxthe system can gain
energy. Similarly ¯h41 is the energy shift of the upper electronic level. The physics
contained in the above expression for the polarizability isoften described by a con-
figurational coordinate diagram, Fig. 5.2. The horizontal axis of this diagram de-
scribes the normal “vibrational” coordinates,q, of the system. The vertical axis
corresponds to electronic energies. The lower curve describes the ground state of
the system. Due to the coupling between the electrons and thenuclei the minimum
q-value is shifted fromq= 0 to q(0) and the electronic energy is changed fromE0
to E0�h̄40. The upper curve describes the potential energy curve of vibrations and
electrons of the excited electronic state. The minimumq-value for this parabola is
q(1) and the minimum energy isE1�h̄41. During an optical transition the coupled
electronic-vibrational system is lifted from the ground state to the excited state (two
possibilities are given by lines A and B). If the energy of theabsorbed photon is
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Figure 5.2: Typical configurational coordinate diagram.

larger than the energy difference between the minima (such as line B) the excited
system tries to find the new equilibrium (the minimum of the upper parabola). Dur-
ing this process one or many vibrational quanta may be created. In the Einstein
model a transition with non-zero probability occurs if the energy of the absorbed
photon matches the energy between electronic levels plus the energy of one or many
vibrational quanta [see Eq. (5.13)]. The probability that atransition wherem vi-
brations are created is determined by the modified Bessel function, Im. The direct
transition between the potential minima (lineA in Fig. 5.2) is called thezero-phonon
line and involves no vibrations during the optical step. Let us introducef as the vi-
brational energy divided by the thermal energy,f =h̄ωvib=kBT . In the limit f ! ∞
(low temperatures) the polarizability becomes [33]

αµν(ω) = αµν
0 e�g

∞

∑
m=0

gm

m!
ω10ωm(ωm)2�ω2� iωL

: (5.15)

Notice that the peaks in theσ(ω) spectrum in the low temperature regime follow
a Poisson distribution. The prefactors,e�ggm=m!, determining the strength of a
transition are calledFranck-Condon factors. In Fig. 5.3 the extinction cross section
σ(ω) for f = 1 (intermediate temperatures) is plotted. For low temperatures all
peaks are located above the uncoupled response frequency while in the intermediate
temperature regime (as seen in Fig. 5.3) there are peaks below this value due to the
fact that there are thermally excited vibrations in the system.

We have in this chapter introduced the molecular polarizability, which related
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5.3 Electron-vibrationally coupled molecules

σ(
ω

)

ω

ω
vib

↔

m=0 →

Figure 5.3: The extinction cross sectionσ(ω) � ωImα(ω) as a function ofω for electron-
vibration coupling,g=3 and intermediate temperatures,f = 1. Due to the electron-
vibrational coupling vibration are created during the optical transition. The vertical dotted
line correspond to the position ofω10.

the induced dipole moment to the electric field at a molecule.The results obtained
in this chapter give a background to chapter 6 and paper I, where the interaction
between electric fields and molecular aggregates is studied.
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CHAPTER 6

Electromagnetic response of
molecular aggregates

In this chapter we describe the interaction between a molecular aggregate (a sys-
tem consisting of molecules that have negligible electronic overlap) and an external
electromagnetic field, including local field effects. This chapter is directly related to
papers I and V. In paper I general molecular aggregate response is treated using a
quantum mechanical approach. Paper V deals with the response of an ellipsoidal cell
membrane (a molecular aggregate, see introduction) at frequencies where membrane
molecular resonances are important.

Let us consider the interaction between a set of polarizablemolecules and an
external electric field,~E0(~r; t) = ~E0 exp[i(~k�~r�ωt)] where~k is the wavevector (j~kj=
k=2π=λ whereλ is the wavelength) andω the frequency of the field. Each molecule
“feels” a local electric field~Eloc which is the superposition of the external field and
the induced dipolar field from all the other molecules in the system (see Fig. 6.1).
In the linear regime the induced dipole moment~p(~r) of a molecule at a position~r is
proportional to the local field~Eloc(~r), i.e.,~p(~r) = 4πε0

$
α �~Eloc(~r); (6.1)

where
$
α is the polarizability (a 3�3 tensor) of the molecule (see previous chapter)

andε0 is the permittivity of vacuum as before. When the molecules are situated in
a medium of relative dielectric constantεm we make the replacementε0 ! ε0εm.
Explicitly the local electric field at moleculej at position~r j is [42, 43, 44, 45, 46]~Eloc; j = ~E0; j + N

∑
i=1

$
κ ji �~pi; (6.2)
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6 Electromagnetic response of molecular aggregates

where~E0; j = ~E0(~r j), ~p j = ~p(~r j ) and the dipole coupling tensor is

κµν
i j = k3

4πε0
[A(kri j )δµν+B(kri j ) (rµ

i � rµ
j )(rν

i � rν
j )

r2
i j

]
A(x) = (x�1+ ix�2�x�3)eix;
B(x) = (�x�1�3ix�2+3x�3)eix; (6.3)

whereri j = j~ri �~r j j andµ;ν denotes vector components (µ;ν = x;y;z). Often the
distance between electromagnetically interacting molecules is much smaller than
the wavelength (the wavelength of optical fields ranges fromabout 400 nm to 650
nm). In this limit the dipole coupling tensor takes the form [27]:

κ̃µν
i j = 1

4πε0r3
i j

[3(rµ
i � rµ

j )(rν
i � rν

j )
r2
i j

�δµν]: (6.4)

We point out that the local electric field is in general different from the total macro-
scopic field~E (see chapter 4). The macroscopic field~E is an average over a mi-
croscopically large (but macroscopically small) region ofspace, whereas the local
field is the true microscopic field at the molecule. Eq. (6.1) together with Eq. (6.2)
constitute a self consistency equation for the induced dipole momentsf~p jgN

j=1 in the
system. We notice that the two entities appearing in the description of the interaction
between electromagnetic fields and molecular aggregates are the polarizability of
each molecule (see previous chapter) as well as the dipole coupling tensor [41, 47].
The approach given here is semiclassical; it combines classical expressions for the
dipolar field with the molecular polarizabilities (which are quantum mechanical en-
tities). In paper I we derive Eqs. (6.1) and (6.2) using a quantum mechanical scheme.
The classical entity~p j is then replaced by the corresponding quantum mechanical
expectation value and the expression for the polarizability comes out naturally from
the analysis and does not have to be taken from a separate calculation.

For the case when all molecules in the aggregate are identical Eq. (6.1) can be
formally solved. We introduce a unitary matrix,Uil , that diagonalizes the dipole-
dipole coupling (̃κ jk), i.e., U satisfies

∑
j;kU�1

p j κ̃ jkUkl = κ̄l δpl: (6.5)

The columns ofU are, by standard linear algebra, the eigenvectors of the ma-
trix κ̃ jkj j 6=k, κ̃ j j = 0. Applying this transformation to Eqs. (6.1) and (6.2) and
assuming a scalar polarizability for all molecules (taken to be identical) we get
p̄l = Ē0;l=[(4πε0α)�1� κ̄l ] where p̄l = ∑ j U

�1
l j p j andĒ0;l = ∑ j U

�1
l j E0; j . The ex-

tinction cross section, Eq. (4.7), can be written in terms oftheU -matrix according
to

σ(ω) = kjE0j2ε0
Im∑

l ;i Uil p̄lE
�
0;i = k

ε0
Im∑

l

fl(4πε0α)�1� κ̄l
; (6.6)
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Figure 6.1: Equipotential lines and electric field distribution arounda dipole. A molecule
placed near this dipole “feels” a local field consisting of both the external as well as the
dipole field.

where we have assumed that the wavelength is much larger thanthe aggregate so that
we can assumeE0;i =E0; j . We have also definedfl � j∑i Uil j2, wherefl satisfies the
sum rule:∑l fl = N. If we now insert the expression for the polarizability, Eq.(5.6)
for a two-level molecule, we obtain

σ(ω) = 4πk Im∑
l

fl
α0ω2

10

ω2
l �ω2� iωL

= πd2

ε0h̄c∑
l

fl ω10δ(ω�ωl); (6.7)

whered is the transition dipole moment of each molecule and the normal mode
energies are

h̄ωl �h̄ω10(1�α0κ̄l )1=2: (6.8)

We have assumed the damping,L, to be “small” (L ! 0+) above. The extinction
cross section is a sum of delta functions located at frequenciesωl given by Eq. (6.8).
The strength of a peakl is determined by the oscillator strength,d2 fl .

For many problems there is no analytical solution available. One then has to
solve the above equations numerically. Let us discuss two numerical codes which
are available free of charge. Both of these codes can be downloaded from the web-
page http://atol.ucsd.edu/˜pflatau/.MarCoDESis a numerical FORTRAN package
developed by V.A. Markel, New Mexico State University. It isdesigned to solve
coupled dipole equation for arbitrary clusters of point dipoles. The numerical cost
of the algorithm used scales asN3, whereN is the number of monomers in the ag-
gregate. DDSCATis a FORTRAN package designed to solve the same equation
as MarCoDES. It is created by B.T. Draine, Princeton University Observatory and
P.J. Flatau, University of California. It uses Fast FourierTransform (FFT) algorithms
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6 Electromagnetic response of molecular aggregates

to solve the dipole equation. This method scales asNlnN, i.e., it is much more effi-
cient for large systems than MarCoDES. The drawback of the FFT technique is that
it requires a square lattice on which the molecules are placed.

By using the formal expression Eq. (6.7) we see that (∑l fl = N) the extinction
cross section satisfiesZ

σ(ω)dω = N
Z

σ(ω)jsingle mol:dω: (6.9)

i.e., the integral of the extinction,σ(ω), over all frequencies gives a constant inde-
pendent on the state of aggregation - it satisfies a sum rule. The induced Coulomb
coupling between the constituting molecules cannot changethe total absorption,
only change how the absorbed energy is divided onto different absorption bands
- redistribution of spectral strength. N is the number of molecules as before. The
integrated extinction for a single molecule is discussed inappendix D. If the vibra-
tional coupling is neglected the above expression takes thesimple form [using the
sum rule for a molecule withn electrons, Eq. (D.6)]Z

σ(ω)dω = πnNe2

mcε0
: (6.10)

m ande are the mass and charge of the electron respectively. Note the integrated
extinction is proportional to the total number of electronsin the system,nN. The
above sum rules are useful for testing the validity of numerical results for the extinc-
tion cross section.

We have in this chapter given the relevant equations [see Eqs. (6.1) and (6.2)] for
the electric response of a molecular aggregate. The important entities appearing in
these equations are the polarizabilities for the constituting molecules as well as the
dipole coupling tensor. The results obtained here providesa background to paper
I (general molecular response using a quantum mechanical approach) and paper V
(response of an ellipsoidal cell membrane).
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CHAPTER 7

Electromagnetic response of
electrolytes

In this chapter we derive an expression for the low frequencydielectric function of
an electrolyte consisting of two types of ions by using the diffusion equation. We
also discuss the dielectric function at higher frequencies. The result for the zero
frequency dielectric function obtained in this chapter is related to paper II, in which
electrostatically driven polymer motion through an electrolyte is investigated. The
high frequency dielectric function enters the results obtained in paper V (electric
response of ellipsoidal cells at high frequencies).

Consider a solution of two types of particles (type 1 and 2 respectively) with
chargeq j ( j = 1;2) and friction constantξ j immersed in a solvent. For the case of
low Reynolds number the probabilityPj (~x; t) of finding a particle of typej at posi-
tion~x at timet is given by the Smoluchowski equation, Eq. (2.5), provided that the
solution is ”sufficiently” dilute. The force appearing in the Smoluchowski equation
in general has several contributions; the force from the external field, the Coulomb
force from the electric field from the the other ions in the system, hydrodynamic
forces etc. We recall (see chapter 4) that in order to determine the dielectric function
we must obtain the inducedchargedensityρind. Thedensity nj(~x; t) of particles of
type j is simply obtained by multiplying the probability of findinga particle of type
j at position~x at timet, Pj(~x; t), by the equilibrium densityn0

j , i.e.,

n j(~x; t) = n0
j Pj(~x; t); (7.1)

wheren0
j = Nj=V and Nj is the total number of particles of typej andV is the

volume of the system. The total density isn= n1+n2. We require charge neutrality
q1n0

1 +q2n0
2 = 0, i.e., that the equilibrium charge density is zero. Combining Eq.

(7.1) with the Smoluchowski equation, Eq. (2.5), we obtain the diffusionequation
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7 Electromagnetic response of electrolytes

for n j :
∂n j(~x; t)

∂t
= 1

ξ j

~∇[kBT~∇n j(~x; t)�q j~Eloc(~x; t)n j(~x; t)]; (7.2)

where we have used the fact that the electric force on a charged particle isq j~Eloc,
where~Eloc is the local field at the particle (including both the external as well the the
Coulomb field from the other ions). We have above neglected hydrodynamic forces
between the particles. We now proceed by writing

n j(~x; t) = n0
j + n̄ j(~x; t); (7.3)

where the induced density ¯n j(~x; t) is caused by the presence of the external field. For
the case that the external field is weak we expect ¯n j(~x; t)� n0

j . Then the diffusion
equation Eq. (7.2) becomes, to first order in the electric field,

∂n̄ j(~x; t)
∂t

= 1
ξ j

~∇[kBT~∇n̄ j(~x; t)�q j~E(~x; t)n0
j ]; (7.4)

where we have used arandom phase approximation[28] and replaced~Eloc(~x; t) �~E(~x; t) i.e., we have replaced the local field by the total macroscopic field. The
macroscopic field~E is an average over a microsopically large but macroscopically
small region of space. For the situation that we have freely moving particles which
we discuss here one may argue that the electric field is sufficiently “smoothed out”
to allow such an approximation [28]. However for the case of amolecular aggregate
where the position of the constituting molecules are fixed (as discussed in the previ-
ous section) the local and total electric field are in generalnot the same. Let us now
proceed by introducing the Fourier transformA(~x; t) = (1=2π)4R d3q

R
dωexp[i(~k �~x�ωt)]A(~k;ω) of all quantities. Eq. (7.4) can then be solved for ¯n j(~k;ω) according

to

n̄ j(~k;ω) =�i
q jn0

j D j

kBT
1�iω+D jk2

~k �~E; (7.5)

where we have introduced the diffusion constant of ions of type j according toD j =
kBT=ξ j . Let us now proceed to identify a dielectric function for theelectrolyte. By
combining Eqs. (4.3) and (4.10) we find~k �~D(~k;ω) = ε0~k �~E(~k;ω)+ iρind(~k;ω); (7.6)

where we have used the fact thatρind is related to the polarization vector according
to ρind =�i~k �~P [see Eq. (4.3)]. Furthermore using the fact thatρind = q1n̄1+q2n̄2

and inserting the explicit expression, Eq. (7.5), for the induced density we obtain~k �~D(~k;ω) = ε(k;ω)~k �~E(~k;ω), where the dielectric function is [see Eq. (4.11)]

ε(k;ω) = ε0εm[1+∑
j

q2
jn

0
j D j

ε0εmkBT
1�iω+D jk2 ]; (7.7)

46



which depends on frequency, temperature and wavevector. The particle parameters
entering the dielectric function is the chargeq j as well as the densityn j. The dif-
fusion constantD j (or the friction constantξ j), which also enters into the dielectric
function depend on both solvent (through the viscosity) andion properties (the hy-
drodynamic “effective radius” of the ion). We have also in the final expression for
the dielectric function, Eq. (7.7), introduced the dielectric response of the solvent
molecules; we assume that the only role the solvent molecules have in the electric
response is to screen the local field through the solvent relative dielectric constant
εm (we thus make the replacementε0 ! ε0εm). We recall that we have employed
the Smoluchowski equation in order to obtain the above expression for the dielectric
function of an electrolyte,i.e., neglected inertia. We furthermore point out that we
have neglected hydrodynamic couplings to obtain the above dielectric function as
well as made a random phase approximation.

Let us proceed to investigate some limits. We first study the zero frequency limit
ω! 0, but retain a finite wavevector. The dielectric function then becomes

ε(k) = ε0εm(1+ k2
D

k2 ); (7.8)

where we have introduced the Debye screening wavevector

kD = (∑
j

q2
j n

0
j

ε0εmkBT
)1=2: (7.9)

We point out that Eq. (7.8) has the same form as the Thomas-Fermi static dielectric
function for metals [48]. Let us consider the physical significance of the Debye
wavevector by introducing a test point charge with chargeZe into our electrolyte.
The external potential (i.e., potential in the absence of any electrolyte) around the
test charge isΦext(r) = Ze=4πε0r. In Fourier space we haveΦ(k) = Ze=ε0k2. The
screened potential in the electrolyte is thenΦ(k) = Ze=ε(k)k2 = Ze=ε0εm(k2+ k2

D)
or in real space

Φ(r) = Ze
4πε0εmr

e�r=lD; (7.10)

where we have introduced the Debye screening lengthlD = 1=kD. We see that the
potential vanishes for distances larger than the Debye screening length away from
the test charge,i.e., the test charge is screened over distance larger thanlD by the
mobile ions. The relative dielectric constant of water is� 80. At room temperature
one then typically finds that the Debye screening length is� 1�10 nm for 0.001-0.1
M solutions [49]. The zero frequency dielectric function Eq. (7.8) can be obtained in
a different way: By combining the first of Maxwell’s equations in Eq. (4.8) with Eq.
(4.12) we get the Poisson equation∇2Φ = �ρ=ε0. The total charge densityρ has
one induced and one external component according to Eq. (4.2). The induced charge
density is as beforeρind = ∑ j q jn̄ j(~x; t). Since we assume no time dependence (zero
frequency) the induced density is simply given by its equilibrium result,i.e.,

n̄ j(~x; t) = n0
j (e�βq jΦ�1)��n0

jβq jΦ; (7.11)
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7 Electromagnetic response of electrolytes

where we have assumed that the thermal energykBT is larger than the potential
energyq jΦ for a particle in the electrolyte in order to make a linear approximation.
Inserting this result into the expression for the induced charge density and using the
charge neutrality condition, the Poisson equation becomesε0εm(∇2Φ� k2

DΦ) = 0,
where we have made the replacementε0 ! ε0εm to account for the solvent and
assumed thatρext = 0. Taking the Fourier transform of this equation and comparing
to the Fourier transform of Eq. (4.13) the dielectric function is identified as the same
one as given by Eq. (7.8). In this derivation of the dielectric function we made a
linear approximation in Eq. (7.11). If the potential energyis not small compared to
the thermal energy such an approximation is not justified andone has to retain the
exponential in Eq. (7.11). The corresponding non-linear equation for the potential is
called the Poisson-Boltzmann equation [50, 13].

Let us investigate the limit of zero wavevector~k! 0. Eq. (7.7) then becomes

ε(ω) = ε0εm+ iσ0

ω
; (7.12)

whereσ0 = ∑ j q
2
j n

0
jD j=kBT is the static conductivity of the electrolyte [51]. We see

that at zero frequency we haveε!∞. This behaviour has the effect that for instance
the field inside a cell is “perfectly” screened (see the solution of Laplace equation
for an ellipsoidal particle in section 4.2). One can similarly solve Laplace equation
for a flat dielectric membrane surrounded by electrolytes oneither side, with a static
external field along the membrane normal using the dielectric function above. Since
ε ! ∞ there is no electric field in the electrolyte but the potential drop occurs only
across the membrane (in a more detailed study one must take~k 6= 0. One then finds
that the potential (atω = 0) extend a distance� lD out from the surface [50]). These
results are important for paper II, where electrostatically driven charged polymer
motion through a nanopore in a membrane is studied.

Strictly speaking the results obtained so far are only validat “infinitely” diluted
electrolytes. At larger concentrations one must be carefulto include hydrodynamic
couplings, as well as the local field. The result of such an investigation gives that the
static conductivityσ0 in Eq. (7.12) is replaced by the conductivity [49, 51, 52, 53]:

σ(ω) = σ0(1�ΛEkD�ΛRkD) (7.13)

whereΛE andΛR are positive constants (with dimension of length) which areinde-
pendent of the concentration. The first correction term to the conductivity is the so
calledelectrophoreticcorrection and has the following physical origin: The motion
of an ion cause motion of its screening cloud, which in turn induce a motion of the
solvent. This solvent motion is felt by the ion. The electrophoretic correction is thus
of hydrodynamical origin [51]. For the case that the ions have identical friction con-
stants, which can be written using Stoke’s law [see Eq. (2.18)] ξ = 6πηR whereR
is the “radius” of ions we haveΛE � R [49]. The importance of the electrophoretic
correction is thus determined by the ratio between the radius of the particle and the
Debye screening length,R=lD. The second correction is the so calledrelaxationcor-
rection: The motion of the ion changes the charge distribution of the screening cloud,
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which in turn cause an additional field (local field correction) on the ion. For the case
that the ions have identical friction constants and identical but opposite charges, we
haveΛR� q2=(ε0εmkBT) � k2

D=n, wheren= n1 = n2 [49]. The significance of the
relaxation correction is thus determined by the ratio between the inverse concentra-
tion and the Debye screening volume, 1=(nl3D). The relaxation correction has a low
frequency dispersion as a result of screening cloud relaxation (the so calledDebye-
Falkenhagen effect) [52]. Explicitly the characteristic time scale of relaxation for the
screening cloud isτ� l2

D=D whereD is the diffusion constant of the ions (assumed
equal for all ionic species) [53]. UsingD � 10�5 cm2/s andlD � 10 nm [49] we
find τ � 10�7 s, which corresponds to frequenciesω � 107 Hz [53]. It is interest-
ing to note that both the corrections to conductivity are proportional to the Debye
screening wavevector,i.e., to the square root of the concentration. Furthermore both
corrections are negative, which has the effect that the specific conductivity (conduc-
tivity divided by the molar concentration) is decreased as the concentration of ions
is increased. One typically finds that(σ0�σ)=σ0 vary between 0.05 and 0.50 for
0.001-0.10 M solutions [49].

Let us finally discuss the dielectric function at higher frequencies. We recall that
the implicit approximation used for obtaining Eq. (7.7) is that we neglect particle in-
ertia, which corresponds to the assumption that we do not study processes occurring
on a time scale smaller thanτp = m=ξ, wherem is the mass of the particle, which
corresponds frequencies aboveωp = 1=τp. The mass of an ion (such as potassium
or chloride ion) is� 10�25 kg, whereas its diffusion constant isD� 10�5 cm2/s [54]
leading toωp = 1013 Hz [52, 55]. As long as we stay below this frequency we are
justified (as we have done so far) in neglecting inertia effects. One must also in gen-
eral include relaxation effects of the solvent,i.e., frequency dependent of the friction
constant. As we saw in section 2.2 this frequency dispersionoccurs at frequencies
ω f = 1=τ f , where the relaxation time isτ f = mf =ξ andmf is the displaced fluid
mass. This relaxation time is hence of the same order of magnitude as the particle
relaxation timeτp. Another complication in the study of high-frequency response
of an electrolyte is that the solvent usually consists of water molecules (which are
dipolar) and therefore dipolar relaxation effects introduce a frequency dispersion in
the dielectric function. Experimentally one finds that thisdispersion occurs at fre-
quenciesω � 1011�1012 Hz [54]. At higher frequencies the dielectric function of
water is described by a (real and frequency independent) relative dielectric constant
ε∞ � 5 [54]. This result is important for the discussion of the high frequency re-
sponse (at optical frequenciesω � 1015 Hz) of an ellipsoidal cell in paper V. The
cell (vesicle) interior and the surroundings are there assumed to have real frequency
independent dielectric functions and that therefore the only frequency dependence
comes from the membrane molecular polarizabilities.

We have in this chapter investigated the electric and electromagnetic response of
an electrolyte. For dilute electrolytes and low frequencies the result is given in Eq.
(7.7). In particular we have introduced the Debye screeninglength (the length over
which a test charge is screened out in an electrolyte) which is an important entity for
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7 Electromagnetic response of electrolytes

electrolytes. The results obtained here give a background to papers II and V.
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CHAPTER 8

Summary and outlook

In this thesis the interaction between electric, magnetic and electromagnetic fields
and living matter, taking as our starting point the cell, is investigated. The cell and
its constituents prove to be an interesting physical system, requiring concepts and
methods from diverse fields of physics [56]. We have here encountered physical
problems such as fluid mechanics, polymer and membrane (softmatter) physics.
Furthermore the electric and electromagnetic response of molecules, molecular ag-
gregates (such as the cell membrane of the photosynthetic unit) and electrolytes has
been discussed.

The five research papers included in this thesis are studies related to electro-
magnetic field interaction with living matter: Paper I provides a theory for the elec-
tromagnetic response of a molecular aggregate. In particular it describes how the
induced dipole coupling between the molecules in the aggregate gives rise to col-
lective resonances. The frequency distribution of these resonances depend on the
geometric arrangement of the constituent molecules, and the results in paper I can
therefore be used by experimentalist in order to obtain the shape of their investigated
system. In artificial photosynthesis the aim is to mimic Nature’s way of using spe-
cially designed aggregates for harvesting sunlight; the insights provided in paper I
could help in the proper design of such artificial photosynthetic aggregates. Paper II
deals with the passage of charged polymers, in an electrolyte, driven by a static ap-
plied voltage through a nanopore in a cell membrane. We find that the flux (number
of polymers passing through the pore per unit time) has a threshold voltage. Above
this threshold the flux depends exponentially on applied voltage. Polymer transport
through nanopores occur in many biological processes including DNA transfer from
a virus to a host cell. The understanding of such processes (and how to prevent them)
are thus of importance in biology and medicine. Translocation of polymers (such as
DNA or proteins) through nanopores could also find technological applications such
as sequence determination of DNA or analyte detection. Paper III investigates the
drift velocity of particles in a viscous liquid under the influence of an electromag-
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8 Summary and outlook

netic field intensity gradient. At off-resonant frequencies the drift velocity is found
to be proportional to the squared length of the principal axis along the direction
of motion (size). Near a resonance frequency the drift velocity is sensitive to the
shape of the particle. The techniques discussed in this paper could find applications
such as the characterization or separation of solutions consisting of particles (for in-
stance cells or antibodies) of different shapes or sizes. Paper IV gives the solution
of Gauss equation for an ellipsoid with an anisotropic coating (the coating dielectric
function being different parallel and perpendicular to thecoating normal). In the
general case the solutions of this equation can be written interms of solutions to
Heun’s equation. For the case of spheroids the solutions aregiven using hyperge-
ometric functions. Many particles belong to the class of ellipsoidal particles with
anisotropic coatings. Particularly interesting examplesinclude cells and fullerenes,
for which the results of paper IV can be used for understanding the electric, magnetic
and electromagnetic response properties. Paper V, which describes the interaction
of electromagnetic fields and ellipsoidally shaped cell membranes, connects paper
I and IV. If the constituent membrane molecules has one prominent resonance fre-
quency then the dipole coupled membrane has two new resonance frequencies. The
geometric weight for the oscillator strengths of the resonances are sensitive to shape,
which allows for experimental determination of cell shapes(for instance using the
separation techniques described in paper III). The electromagnetic response of cell-
like structures is currently a hot topic. Knowledge coming from this field of science
will have a large potential impact on future human friendly design of for instance
mobile phones; a recent survey of problems related to interactions between radiofre-
quent fields (like the ones mobile phones produce) with biological systems can be
found in [57].

Let us finally comment on the role of physics in biology. It is nowadays not
uncommon to take the view that the genetic code contains all relevant information
about a living being. One then forgets, however, that physical laws were present
long before the first organisms, and that Nature and evolution therefore has to play
by the laws of physics - a bird cannot turn off gravity, a bacteria can move only at
low Reynolds numbers, proteins rely on physical forces for obtaining its three di-
mensional structure etc. Understanding the properties of living matter thus requires
not only the genetic code, but also the physical forces whichdetermines the rules
which constrain the genetic code. At relevant cellular length scales (� 10�10�10�5

m) the electromagnetic force is in general the most important one of the four forces
of Nature. This thesis provides concepts and results relevant for the electromag-
netic response of living matter and it is the hope that physicists who want to pursue
research in this important and interesting field of physics find the thesis useful.
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APPENDIX A

Ellipsoidal coordinates and elliptic
integrals

In this appendix we give the definition of ellipsoidal coordinates and other entities
useful for problems of ellipsoidal symmetry.

The ellipsoidal coordinates, (p=)ξ, η andζ, are given by the roots to the cubic
equation [32]

x2

a2
x + p

+ y2

a2
y + p

+ z2

a2
z+ p

= 1: (A.1)

For ax � ay � az, the range of the ellipsoidal coordinates are:ξ � �a2
z, �a2

z �
η � �a2

y and�a2
y � ζ � �a2

x. Solving the above equation we obtain the Cartesian
coordinates according to

x = �[(ξ+a2
x)(η+a2

x)(ζ+a2
x)(a2

y�a2
x)(a2

z�a2
x) ]1=2;

y = �[(ξ+a2
y)(η+a2

y)(ζ+a2
y)(a2

z�a2
y)(a2

x�a2
y) ]1=2;

z = �[(ξ+a2
z)(η+a2

z)(ζ+a2
z)(a2

x�a2
z)(a2

y�a2
z) ]1=2: (A.2)

Laplace’s equation in ellipsoidal coordinates is [32]:

∇2Φ = 4(ξ�η)(ζ�ξ)(η�ζ)[(η�ζ)R(ξ) ∂
∂ξ

(R(ξ)∂Φ
∂ξ

)+(ζ�ξ)R(η) ∂
∂η

(R(η)∂Φ
∂η

)+(ξ�η)R(ζ) ∂
∂ζ

(R(ζ)∂Φ
∂ζ

)] = 0; (A.3)

where
R(p) = [(a2

x+ p)(a2
y + p)(a2

z+ p)]1=2: (A.4)
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A Ellipsoidal coordinates and elliptic integrals

Let us now define

Ω(ξ)� πaxayaz

Z ∞

ξ

dξ0
R(ξ0) ( x2

a2
x +ξ0 + y2

a2
y+ξ0 + z2

a2
z +ξ0 �1) (A.5)

and

χ(ξ)� axayaz

Z ∞

ξ

dξ0
R(ξ0) ; (A.6)

whereξ is the positive square root of Eq. (A.1) as before. Bothχ andΩ satisfy

∇2Ω = 0;
∇2χ = 0; (A.7)

i.e., they are solution of Laplace’s equation. Let us also introduce the elliptic inte-
grals of the second kind (v= x;y or z)

γν(ξ)� axayaz

Z ∞

ξ

dξ0(a2
ν +ξ0)R(ξ0) : (A.8)

γv satisfies the equations [14]

∇2γν + 2
v

∂γν

∂v
= 0; (A.9)

wherev= x, y or zas before. We also derive expression for the derivatives ofΩ. We
find (notice thatξ depends onx)

∂Ω
∂x

= 2πγxx�πaxayaz( x2

a2
x +ξ

+ y2

a2
y +ξ

+ z2

a2
z +ξ

�1) 1
R(ξ) dξ

dx
= 2πγxx; (A.10)

where we have used Eq. (A.1). In an identical fashion we obtain

∂Ω
∂y

= 2πγyy;
∂Ω
∂z

= 2πγzz: (A.11)

We now define

Q� χ(ξ = 0)=2= axayaz

2

Z ∞

0

dξ0
R(ξ0) (A.12)

and the so calleddepolarization factors

nν � γν(ξ = 0)=2= axayaz

2

Z ∞

0

dξ0(a2
ν +ξ0)R(ξ0) : (A.13)

It is straightforward to show that the depolarization factors satisfy the sum rule:

nx+ny+nz= 1: (A.14)

From this sum rule we directly obtain (by symmetry) the depolarization factors for a
sphere:nx = ny = nz= 1=3. It also follows from the definitions of the depolarization
factors that

nx < ny < nz if ax > ay > az; (A.15)

i.e., the depolarization factor is smallest (largest) for the largest (shortest) axis.
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APPENDIX B

Differential geometry

This appendix is an attempt to develop the necessary mathematical theory of curved
surfaces in three dimensional space. The apparatus for dealing with curved surfaces
is differential geometry and topology.

Consider a curve in three dimensional Euclidean space. A curve is fully charac-
terized by one parameter,t, such ast ! (x(t);y(t);z(t)). In specifying a surface we
needtwo parameters,u andv, to fully describe it

u;v!~x(u;v) = (x(u;v);y(u;v);z(u;v)): (B.1)

We also require that the dependence on the parameters shouldbe smooth. A surface
is thus completely specified in a region of three dimensionalEuclidean space bytwo
parameters. We therefore expect that it is possible to treatany surface as a “two
dimensional entity” without any reference to three dimensional space. It is the aim
of this section to develop the mathematical tool (differential geometry) that allow
such a treatment. In particular we describe the first and second fundamental forms
which allow a complete description of the surface.

Let us consider the tangent plane at some pointp, see Fig. B.1. The vectors
∂~x=∂u and∂~x=∂v are parallel to the surface and hence span the tangent plane.The
basisf∂~x=∂u;∂~x=∂vg is called thecoordinate basisin the neighbourhood ofp. Many
entities of interest involve the local tangent plane. For instance consider the element
of length,ds2, in three dimensional Euclidean space:

ds2 = d~x�d~x= dx2+dy2+dz2; (B.2)

where a dot denotes scalar multiplication. From the parametrization, Eq. (B.1), of
a surface we see that (using the chain rule:d~x= (∂~x=∂u)du+(∂~x=∂v)dv - expand-
ing in the coordinate basis) the element of length between two infinitesimally close
points is (u1 = u andu2 = v)

ds2 = ∑
i; j gi j duiduj; (B.3)
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B Differential geometry

Figure B.1: The tangent plane at a pointp on a sphere. The arrows indicate the tangent
vectors∂~x=∂u and∂~x=∂v.

where

gi j = ∂~x
∂ui � ∂~x

∂u j : (B.4)

Eq. (B.3) is called thefirst fundamental formand expresses the element of length
in terms ofu andv. The 2�2 tensorgi j is called the metric tensor (note thatgi j is
symmetric,i.e., g12 = g21). For the case of aplanesurface with its normal parallel
to the z-axis the length element isds2 = dx2+dy2 and hence the metric tensor is

gi j � ηi j =�
1 0
0 1

� : (B.5)

The above tensor is called theflat metric tensor. The inverse of the metric tensor is
denotedgi j and is hence a tensor that satisfies

∑
j

gi j g jk = δi
k; (B.6)

whereδi
k is the Kronecker delta. As an example consider the element oflength for a

cylindrical surface (in cylindrical coordinates):ds2 = dz2+ρ2dφ2, whereρ (=con-
stant) is the radius of the cylinder andφ is the angle of rotation around the z-axis. By
simply making the reparametrizationz! z;ρφ ! t the element of length becomes
ds2 = dz2 +dt2 and hence the metric tensor in this parametrization is simply the
same as for a flat surfaceηi j . We notice that the first fundamental form therefore
does not completely characterize a surface. Two surfaces for which it is possible to
find parametrizations such that their first fundamental forms are the same are said
to be isometric. The cylinder is hence isometric to the plane (the cylinder can be
“unrolled” into a plane).

The first fundamental form contains all necessary information for calculating
metric properties such as arc length or area (but does not fully characterize the sur-
face). Let us calculate the area elementdS: the area of a small parallelogram onS is
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given byj∂~x=∂u�∂~x=∂vj. Using the mathematical identityj∂~x
∂u
� ∂~x

∂v
j2+(∂~x

∂u
� ∂~x

∂v
)2 = j∂~x

∂u
j2j∂~x

∂v
j2; (B.7)

we find the area element

dS� j∂~x
∂u
� ∂~x

∂v
jdudv=q

g11g22�g2
12dudv=pgdudv; (B.8)

whereg� detgi j . The area element is hence given by the square root of the deter-
minant of the metric tensor.

As we saw in the example with the cylinder the first fundamental form does not
completely characterize a surface. To do this we must go beyond metric properties
of the surface and look into also thecurvatureof the surface. Let~x(u;v) be a para-
metrization of the surface in the neighbourhood of a pointp. The distance from a
pointq=~x(u;v) to the tangent plane atp=~x(0;0) is (see Fig. B.2)

s= [~x(u;v)�~x(0;0)] � N̂(p); (B.9)

whereN̂(p) is the normal to the tangent plane at p:

N̂ = (∂~x
∂u
� ∂~x

∂v
)=j∂~x

∂u
� ∂~x

∂v
j: (B.10)

Let us now Taylor expand aroundp according to:

s

tangent plane

p=x(0,0)

q=x(u,v)

→

N(p)

Figure B.2: A cut through a surface along the normal.~x(u;v) =~x(0;0)+ ∂~x
∂u

du+ ∂~x
∂v

dv+ 1
2
[∂2~x
∂u2(du)2+2

∂2~x
∂u∂v

dudv+ ∂2~x
∂v2(dv)2]: (B.11)

Inserting this expansion into Eq. (B.9) and using the fact that the vectors∂~x=∂u and
∂~x=∂v lie in the tangent plane atp we find (u1 = u andu2 = v)

s= 1
2∑

i; j hi j duiduj| {z }
Π

; (B.12)
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where

hi j = ∂2~x
∂ui∂u j � N̂: (B.13)

Π is called thesecond fundamental formand measures curvature of a surface. In
particular for a plane the normal distance to the tangent plane is everywhere zero
andΠ� 0. The tensorhi j is called the curvature tensor (note thathi j is symmetric).

In principle there are infinitely many possible choices of basis vectors that span
the tangent plane at some pointp. We have so far used the coordinate basis which
we introduced in connection to the first fundamental form. Let us now introduce a
basis which is connected to curvature and hence the second fundamental form. The
normal vector fieldN̂ introduced in Eq. (B.10) allow us to measures curvature along
a curve on the surface; the normalN̂ along a curve on a plane is everywhere a con-
stant, whereas for a curved surface,N̂ in general varies along the curve. Therefore
the derivatives∂N̂=∂u and∂N̂=∂v are convenient measures of curvature since these
entities yields zero for a plane. Furthermore the vectors∂N̂=∂ui lie in the tangent
plane at a point p, since from the normalization conditionN̂ �N̂ = 1 we obtain by dif-
ferentiationN̂ �∂N̂=∂ui = 0. The basisf∂N̂=∂u, ∂N̂=∂vg is thus an alternative basis
to the coordinate basis which span the tangent space atp. Definingh j

i �∑k g jkhik it
is straightforward to show that the above two bases are related according to [26]:

∂N̂
∂ui =�∑

j
h j

i
∂~x
∂u j ; (B.14)

i.e., related by the curvature tensor. The above relation is called theWeingarten
equations.

Let us now proceed by introducing invariants related to curvature. The matrixh j
i

relates two different sets of local basis vectors and from elementary linear algebra
we know the determinant and trace of such a matrix are invariants,i.e.,

K � deth j
i = dethi j =detgi j (B.15)

and

H � 1
2

Trh j
i = 1

2∑
i

hi
i = 1

2 ∑
i; j gi j hi j (B.16)

are invariant under a reparametrization. The entityK is called the Gaussian curva-
ture andH is the mean curvature at the pointp. Sinceh j

i is a symmetric matrix it can
always be diagonalized. Denote the corresponding eigenvalues (the so calledprin-
cipal curvatures) by k1 andk2. We can then write the Gaussian and mean curvature
according to

K = k1k2 (B.17)

and

H = k1+k2

2
: (B.18)

The principal curvatures have simple geometrical interpretations: Let us imagine
a curved surface,S, and letN be a plane which intersectsS in such a way that the
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normal in a pointp is parallel to N. The intersection betweenN andSis then a curve.
The normal curvature,kn, in this pointp is defined as the inverse radius of a circle
which tangents this curve atp. kn comes with a sign: the normal curvature is negative
if the surface bends “away” from the normal of the surface andpositive otherwise.
Now imagine a rotation of the planeN around the normal ofS at p. We get a
continuous set of curves, all having a specifickn. The principal curvatures, denoted
k1 and k2, are then the maximum and the minimum of this set ofkn. Note that
whenK < 0 the two curvaturesk1 andk2 have different signs, this correspond to a
saddle point. A remarkable property of the Gaussian curvatureK is that, although we
defined it entirely with the help of the second fundamental form, it can be shown that
(Theorema Egregium) that it is entirely expressible in terms of the metric tensor (and
derivatives thereof) [26]. The Gaussian curvature is therefore an intrinsic property of
the two dimensional surface without reference to its embedding in three dimensional
space. This observation provides the basis for Riemannian geometry [26, 58].

Topology is a way of characterizing surfaces according to which are continu-
ously deformable into each other or not. Two surfaces,S1 andS2, which are contin-
uously deformable into each other are said to behomeomorphic, denotedS1 ' S2.
For instance the surface of a cube is homeomorphic to that of asphere. The sphere
is however not homeomorphic to the torus (try to continuously deform a torus to
a sphere. You will not succeed.). Topology thus describes surfaces according to
which are continuously deformable into each other or not. Differential geometry, on
the other hand, introduces different kind ofmeasureson a surface, such as Gaussian
and mean curvatures. A connection between topology and geometry is contained in
Gauss-Bonnet’s theoremfor compact surfaces, which states that the integral of the
Gaussian curvature over a compact surface is a topological invariant,Z

S
KdS= 2πχ(S): (B.19)

whereχ(S) is the Euler characteristics of the surface. For a compact connected
surfaceχ(S) = 2�2g whereg is the number of holes in the surface. Observe thatK
is the Gaussian curvature and hence the LHS of Eq. (B.19) is a purely geometrical
entity. The RHS is on the other hand defined within topology.

We have in this appendix shown that any quantity of interest (area, mean cur-
vature, Gaussian curvature etc) for a surface can be obtained without “leaving” the
surface; the first and second fundamental forms provide all the necessary informa-
tion about the surface. We have also stated Gauss-Bonnet theorem which provides a
connection between topology and differential geometry.
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APPENDIX C

Molecular polarizabilities

In this appendix a general expression for the polarizability of a molecule is obtained.
Consider a molecule which, in the absence of any external fields, is characterized

by a HamiltonianH0 and assume thatH0 has been diagonalized giving energy levels
with energyEk and eigenfunctionsfjΦkig. The molecular polarizability is given by
Eq. (5.1), which we write:

αµν(ω) = 1
4πε0

i
h̄

Z ∞

0
dteiωtfhjd̂µ(t)d̂ν(0)ji| {z }

I(t) �hjd̂ν(0)d̂µ(t)]ji| {z }
II (t) g: (C.1)

Let us now evaluateI (t) andII (t). We have [using Eq. (5.3)]

I (t) = ∑
k

ρkhΦkjd̂µ(t)d̂ν(0)jΦki =∑
l ;k ρkhΦkjeiH0t=h̄d̂µe�iH0t=h̄jΦlihΦl jd̂νjΦki

∑
l ;k e�iωlktρkhΦkjd̂µjΦl ihΦl jd̂νjΦki (C.2)

where a parameter describing energy difference between levels:h̄ωlk = El �Ek has
been defined andρk = exp(�βEk)=∑k0 exp(�βEk0) is the occupation probability
of levelk (∑kρk = 1) in the absence of the external field. Similarly we obtain

II (t) = ∑
l ;k eiωlktρkhΦkjd̂νjΦl ihΦl jd̂µjΦki (C.3)

Inserting the above result into the expression for the polarizability Eq. (C.1) and
carrying out the integration with respect to time, we find that the full expression for
the molecular polarizability is

αµν(ω) = ∑
l ;k Λµν

lk

ω2
lk

ω2
lk�ω2� iωL

; (C.4)
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C Molecular polarizabilities

where we taken the eigenfunctions to be real [so thathΦkjd̂µjΦli = hΦl jd̂µjΦki] for
simplicity and defined

Λµν
lk = ρk

hΦkjd̂µjΦlihΦl jd̂νjΦki
2πh̄ωlkε0

: (C.5)

Damping was incorporated by the parameterL through the standard replacement,
ω2! ω(ω+ iL). A transition can only occur if the frequency of the incomingelec-
tromagnetic field matches the energy difference between energy levels. The transi-
tion probability is determined by the square of the transition dipole matrix element.
From the above relations the static polarizability,αµν

0 (corresponding toω = 0), is
found to beαµν

0 = ∑l ;k Λµν
lk .
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APPENDIX D

Sum rules for molecular extinction
cross sections

In this appendix we derive a sum rule for the extinction crosssection for a single
molecule.

Consider the extinction cross section, Eq. (5.4), for a single molecule. Start from
the Kramer-Kronig relation, Eq. (5.5). By taking the limit of largeω, we find� 1

πω2

Z ∞�∞
ω0Im[αµν(ω0)]dω0 = Re[αµν(ω)]jω large: (D.1)

We have used the fact that the imaginary part of the polarizability is odd to extend the
integration to negative frequencies. By comparing with Eq.(5.4) the total integrated
averaged extinction for a single molecule satisfies the sum rule:Z

σ(ω)jsingle mol:dω =�4π2ω2

3c
Re[αµµ(ω)]jω large: (D.2)

The above sum rule for the extinction is a general result. Letus now consider the
molecular polarizability given by Eq. (C.4). The real part of the polarizability for
large frequencies then becomes:

Re[αµν(ω)]jω large=�∑
l ;k Λµν

lk

ω2
lk

ω2 : (D.3)

Themean oscillator strengthbetween levelsl andk, flk, is defined [59]:

flk � 2mωlk

3h̄ ∑
µ
jhjΦkjxµjΦl ij2; (D.4)

wherem is the mass the electron. The position operator isxµ = ∑n
i=1 xµ

i , with n
being the number of electrons in the molecule andxµ

i is theµ-component of the
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D Sum rules for molecular extinction cross sections

position operator for electroni. For molecular Hamiltonians of the formH0 =
∑n

i=1h̄
2∇2

i =2m+V(~x1; ::::;~xn) (i.e., no dependence on nuclear degrees of freedom)
it can be shown that the mean oscillator strength satisfies the so calledThomas-
Reiche-Kuhn sum rule[59, 60]

∑
l

flk = n: (D.5)

We proceed by assuming that the dipole operator is independent on nuclear degrees
of freedom (Condon approximation) so that it can be writtend̂µ = �exµ. Using
the general expression for the integrated extinction, Eq. (D.2), together with Eqs.
(D.3), (C.4), (C.5), (D.4) and (D.5) the averaged extinction cross section for a single
molecule then becomes Z

σ(ω)jsingle mol:dω = πne2

mcε0
; (D.6)

i.e., the total integrated extinction is a constant independenton the exact nature of
the electronic levels of the molecule. Note that the above integral is independent of ¯h
and proportional to the number of electrons in the molecule.Interestingly, the result
for the integrated molecular extinction cross section contained in Eq. (D.6) follows
also from the “classical” polarizability given by Eq. (5.9).

The sum rules for the more general case, where the polarizability incorporates
couplings to nuclear degrees of freedom is discussed by Hirschfelderet al. [59].
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