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ABSTRACT
This thesis deals with theoretical physics problems related to the interactions between living matter and electromagnetic fields. The five research papers included
provide an understanding of the physical mechanisms underlying such interactions.
The introductory part of the thesis is an attempt to connect as well as provide a
background for the papers. Below follows a summary of the results obtained in the
research papers.
In paper I we use a time-dependent quantum mechanical perturbation scheme
in order to derive a self-consistent equation for the induced dipole moments in a
molecular aggregate (such as a cell membrane or the photosynthetic unit), including
dipole interaction between molecules. Our model is shown to be superior to standard
exciton theory which has been widely used in the study of photosynthesis.
In paper II we study the process of DNA translocation, driven by a static electric
field, through a nano-pore in a membrane by solving the appropriate Smoluchowski
equation. In particular we investigate the flux (the number of DNA passages per
unit time through the pore) as a function of applied voltage. We find a thresholdlike behaviour and exponential dependence on voltage in agreement with the recent
experimental findings.
In paper III we investigate the drift velocity of polarizable ellipsoidal particles,
driven through a viscous fluid by an electric or electromagnetic field intensity gradient. At off-resonant frequencies the drift velocity is proportional to the squared
length of the principal axis along the direction of motion. Near a resonance frequency the drift velocity is sensitive to the particle shape.
Cells are in general of non-trivial shape. Furthermore the cell membrane is typically dielectrically anisotropic. These observations led to paper IV in which we investigate Gauss equation for an ellipsoidal particle with an anisotropic coating (the
coating dielectric function being different parallel and perpendicular to the coating
normal). We find that the solutions to this equation can be written in terms of solutions to Heun’s equation. For the case of spheroidal particles the solutions can be
written using hypergeometric functions.
Finally in paper V we use the result from paper I and IV and investigate the
electromagnetic response of a dipole coupled ellipsoidal cell membrane. If the constituent membrane molecules have one prominent resonance frequency then the dipole coupled membrane has two new resonance frequencies. The geometric weights
for the oscillator strengths of the resonances are sensitive to the membrane shape.
Keywords: electromagnetic response, living matter, polarizability, molecular ag-

gregates, polymers, DNA, fluid mechanics, low Reynolds number, Heun’s equation,
cell membranes.
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CHAPTER 1

Introduction
All systems (whether ’dead’ or ’living’) consist of charges and when a particular system is perturbed by an external electric, magnetic or electromagnetic field it responds
by induced motion of these charges. Depending on the structure of the system and
kind of perturbing external field the response differs; for example for a dielectric
perturbed by an electric field the relevant induced quantity is the dipole moment
per unit volume (the polarization), whereas for an electrolyte the induced charge
density is often used to characterize the electric response. Provided that a sound
theoretical framework exists which predicts how measurable quantities depend on
the relevant physical parameters of the system one can use external fields to obtain
information about the system. It is the aim of this thesis to try to provide such a
theoretical framework relevant for living matter-electromagnetic field interactions.
In the research papers different living matter systems are investigated and we derive
expressions for relevant response entities.
In general it is difficult to identify a distinct difference between ’dead’ and ’living’ matter; the very same constituting atoms are used in all matter. But indeed, as
we experience in everyday-life, there are differences. In this introduction we do not
try to provide an exact definition of living matter. Instead we will take our starting
point in the cell, which is the micrometer sized building block of all living beings
[1, 2]. We will take a look at the various molecules in the cell and how they combine
to form functional units, including membranes, polymers and electrolytes.
Let us first consider which atoms are most abundant in cells. It turns out that 24
of the 92 natural elements are essential to life [2]. Four of these, oxygen (O), carbon
(C), hydrogen (H) and nitrogen (N), make up 96% of the human body. Calcium,
phosphorous, potassium and sulphur and so-called trace elements (only required
by the body in small quantities) account for the remaining 4%. Life’s molecules
are usually large on a molecular scale, containing thousands of atoms. A striking
difference between our own technology and that of Nature is that whereas we use
metals to a large extent, Nature only employ single metal atoms [3].
1
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Many cell processes rely on the properties of the cell membrane, which separates
the cell from its environment. The basic ingredient of a cell membrane is the phospholipid molecule [1, 2]. The most important property of this molecule is that it is
amphiphilic; one of its ends (the phosphatic head) is polar and is therefore strongly
attracted to water, while the other end (the hydrocarbon tail) is nonpolar and is hence
repelled by water. This property of the phospholipid molecules makes it energetically favourable for them, when being put into water, to form a closed bilayer (of
typical thickness 5-10 nm) with the phosphatic heads pointing outwards while the
hydrocarbon tails are pointing inwards and are thereby kept from contact with the
water. Due to the strong orientation of the lipid molecules in the membrane, a cell
membrane is a highly anisotropic structure. Such systems are investigated in research paper IV, where the electric response of an ellipsoid with an anisotropic coating is studied. The chemical interaction between molecules in a membrane is usually
so weak that the bilayer essentially behaves as a two-dimensional fluid. Structures,
such as cell membranes, which have negligible chemical interaction between the
constituting units are called molecular aggregates. Chapter 6, as well as research
paper I and V, is therefore dedicated to the electromagnetic response of such aggregates (the photosynthetic unit is a different example of a molecular aggregate).
There are furthermore usually proteins embedded in the cell membrane. The role of
these proteins include enzymatic activities and being receptors for chemical messengers from other cells. There are also protein pores in the membrane. These protein
pores allow passage of biomolecules that would otherwise not be able to penetrate
the membrane. Research paper II in this thesis deals with the problem of passage of
single stranded DNA molecules, driven by an electric field, through such pores.
Inside the cell there is a liquid called the cytoplasm. The cytoplasm consists,
to a large extent, of water molecules (roughly 70 % of the cell consists of water)
and ions. Chapter 7 in this thesis treats the electric and electromagnetic response
of electrolytes (liquids consisting of water and ions), and chapter 2 treats particle
motion in a liquid. Motion of particles as caused by electromagnetic intensity gradients through viscous liquids is also the topic of research paper III. In eukaryotic
cells (cells with a nucleus) the cytoplasm consists also of so-called membraneous
organelles, examples of which include the cell nucleus, the endoplasmatic reticulum and the Golgi apparatus [1, 2]. The cell nucleus is the genetic control center
of the cell. It is here that the DNA (the hereditary blueprint of the cell) is stored.
The endoplasmatic reticulum and the Golgi apparatus are for instance involved in
the synthesis of proteins using the genetic code. There are also nonmembraneous
structures in the cell such as the cytoskeleton. The cytoskeleton is a supportive mesh
of fine protein fibers and gives the cell structural support [4]. The cytoskeleton is
also involved in cell movement and division as well as used as tracks for transport in
the cell. DNA molecules as well as proteins are long “chain-like” molecules. Such
molecules go under the name polymers. Polymers have many distinct properties
compared to ”point” particles, and chapter 3 in this thesis is dedicated to the physics
of polymers.
The rest of this introductory text is aimed at giving an introduction to the topic
2
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Figure 1.1: Interrelations between the different chapters of this thesis, as well as connections

between the chapters and the five appended research papers.

living matter-electromagnetic field interactions as well as to provide a background
to the research papers, and is organized as follows: Chapter 2 is devoted to the
problem of particle motion in a liquid. The equations developed in this chapter will
also prove useful for understanding the electromagnetic response of molecules and
electrolytes, which is the reason that we take the rather unconventional route of starting a thesis about electromagnetic response by discussing particle motion through a
liquid (indeed this shows the general feature of many physical phenomena). Chapter 3 describes the physics of polymers and the equilibrium physics of membranes.
Chapter 4 proceeds by giving the general description, needed for subsequent chapters, of how electric and electromagnetic fields interact with matter. The next three
chapters give specific examples of electric and electromagnetic response: Chapter
5 describes the electromagnetic response of single molecules. Chapter 6 deals with
the interaction of molecular aggregates and external fields and chapter 7 treats the
response of an electrolyte to an electric or electromagnetic field. Finally in chapter
8 a summary and outlook is given. The interrelations between the different chapters
and connections to the five research papers are given in Fig. 1.1.
3
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The research papers included in this thesis provide a deeper analysis compared
to the introductory text; connections to the introductory text are found in Fig. 1.1.
Paper I provides a theory for the electromagnetic response of a molecular aggregate
using a quantum mechanical scheme. The relevant induced quantity is the dipole
moments in the aggregate, for which we provide a general expression. Paper I is
connected to chapters 5 and 6 (see Fig. 1.1). Paper II deals with the passage of
DNA molecules (in an electrolyte) driven by an external static electric field through
a nanopore in a cell membrane. In this paper the external perturbation is a static
electric potential and the induced measureable quantity is the flux of DNA molecules
through the nanopore (we find that the flux depends non-linearly on the applied
potential). The relevant background for this study includes chapters 3 and 7. Paper
III describes the behaviour of particles (such as cells) in a viscous liquid under the
influence of an electric or electromagnetic field intensity gradient. The perturbing
quantity in this study is the intensity gradient and the induced quantity is the particle
drift velocity. Background material to this paper is provided in chapters 2 and 4.
Paper IV gives the solution of Gauss equation for an ellipsoid with an anisotropic
coating (relevant chapter 4) as perturbed by an external electric field (the relevant
induced quantity is the induced dipole moment of the ellipsoid). Finally paper V
describes the interaction between electromagnetic fields and ellipsoidally shaped cell
membranes. In particular we provide an expression for the induced dipole moments
in the membrane. The chapters that are relevant for that study are chapters 4, 6 and
7.

4

CHAPTER 2

Particle motion in viscous liquids
In this chapter we discuss the motion of a particle in a viscous liquid. We discuss
the Langevin and the Smoluchowski equations for the particle motion. We also discuss the fluid dynamical equations for the (biologically relevant) case of motion of
small particle at low velocities - so called low Reynolds number motion. In paper III
we investigate the motion of a particle driven through a viscous fluid by an electric
or electromagnetic field gradient. This chapter (together with chapter 4) provides a
background to that paper. The present chapter also introduces concepts and equations that are important in the study of polymer dynamics in chapter 3 as well as for
the understanding of the electromagnetic response of molecules (chapter 5) and the
response of electrolytes as discussed in chapter 7.

2.1 The Langevin and Smoluchowski equations
In this section we investigate the equation of motion for a particle in a liquid.
Consider a particle in a liquid and let us assume that there is a time-dependent
force ~F (t ) on the particle. The molecules of the liquid collide in a stochastic fashion
with the particle, which then exhibits a random type of motion that in the general
case is described by Langevin’s equation [5]:
m

$

ξ  ~v + ~g(t );

d~v ~
= F (t )
dt

(2.1)

where ~v(t ) = d~x(t )=dt is the velocity of the particle at time t. The term on the LHS
is the inertial term. The second term on the RHS is a friction (dissipative) force as

$

caused by the cooperative effect of the surrounding solvent molecules. ξ is in the
general case a 33 tensor and is the friction tensor of the particle, which depends on
the viscosity of the liquid as well as the size and shape of the particle (this tensor is
thoroughly discussed in the next section where we investigate the fluid dynamics).
5
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g t ) is a stochastic force (the ensemble average is zero, h~g(t )i = ~0) and represents
the individual collisions between the molecules in the liquid and the particle. Since
the friction and the stochastic force have the same origin (collisions between particle and solvent molecules) the amplitude of the stochastic force is related to the
friction tensor, through the fluctuation-dissipation theorem [6]. For the case of a
time-independent friction tensor the fluctuation-dissipation theorem takes the form

~(

$

(assuming a scalar friction tensor ξ = ξ):

hg(t )  g(t 0 )i = 2dξkBT δ(t
~

~

t 0)

(2.2)

where δ(z) is the delta-function and d is the number of dimensions in which the motion takes place. The Boltzmann constant is denoted by kB and T is the temperature
of the solvent. Eq. (2.2) gives an explicit expression for the friction constant ξ in
terms of the correlations of the stochastic force. In the absence of any external and
stochastic force the Langevin equation has the solution ~v = ~v0 exp ( t =τ), where
the relaxation time is τ = m=ξ and ~v0 is the initial particle velocity. Because of the
stochastic nature of the motion of the particle (as contained in Langevin’s equation)
the particle velocities must be described in terms of a probability distribution for
different particle positions and velocities, P(~x;~v; t ). The probability distribution corresponding to Eq. (2.1) satisfies an equation, known as the Fokker-Planck equation
[5]. At equilibrium (no time-dependence and no external force) the solution of the
Fokker-Planck equation is the usual Maxwellian velocity distribution [5].
We now consider motion of small particles at low velocities. As we will see
in the next section the friction force acting on a particle is  ηLv, where η is the
viscosity of the liquid and L a typical linear size of the particle. We are primarily
interested in applying our analysis to particles moving with small velocities through
viscous liquids. For this kind of motion the ratio Rpart between the inertial force and
the viscous force is typically small. Rpart can be written [7]
Rpart =

Lvρpart
;
η

(2.3)

where ρpart is the particle density. As an example of small Rpart motion consider a
bacterium in water. For water at room temperature, η  10 3 Ns/m2 . A bacterium is
typically one micron (L  1 µm) in size and has roughly the same density as water.
If such an object moves by a speed, v= 1 mm/s, we have Rpart  10 3. We hence
assume that Rpart  1 and Eq. (2.1) then becomes [6]

$ d~x
ξ

 dt = F (t ) + g(t )
~

~

:

(2.4)

This equation is valid for liquids with high viscosity, small particle velocities and
sizes. The neglect of inertia [i.e. the term on the LHS in Eq. (2.1)] in practice means
that we only study processes occurring on time scales larger than the relaxation
time τ introduced above. The corresponding Fokker-Planck equation, the so called
6
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Smoluchowski equation, for the probability distribution P(~x; t ) which corresponds to
the Langevin equation, Eq. (2.4), is [8]:
∂P(~x; t )
∂t

=

1~
∇  [kB T ~∇P(~x; t )
ξ

~ (~
F
x; t )P(~x; t )];

(2.5)

$

where we have assumed the friction tensor to be a scalar ξ = ξ for simplicity. When
the force is constant, the one-dimensional solution to this equation that satisfies the
initial condition that the particle is at x = 0 at t = 0 [ i.e., P(x; t = 0) = δ(x)] is
P(x; t ) = (

1 1=2
exp [
)
4πDt

(x

vdrift t )2
];
4Dt

(2.6)

where we have introduced the diffusion constant, D  kB T =ξ and the drift velocity
of the particle
(2.7)
vdrift = F =ξ:
This expression for the drift velocity is used in paper III, where the force is taken
as the force on a neutral polarizable particle in an electric or electromagnetic field
gradient. From Eq. (2.6) we see that the mean distance, xdrift , a particle travels under
the influence of the external force during a time t is xdrift  vdrift t. In addition to this
[due to the stochastic force, ~g(t )] there is diffusive motion which tends to spread
the positions of the particle around xdrift . Notice that if diffusion is absent (D = 0)
the probability distribution is simply P(x; t ) = δ(x vdrift t ). We also notice that for
low Reynolds numbers the mass of the particle does not enter into the expression
for the probability distribution. In the absence of any force there is no drift and only
diffusion. Using the above probability distribution, it is straightforward to show that
the mean square displacement is

hjx(t )
~

x 0)j2 i = 2dDt ;

~(

(2.8)

where we generalized the result to d dimensions [Eq. (2.8) can also be directly obtained from the Langevin equation Eq. (2.4) together with the fluctuation-dissipation
theorem Eq. (2.2)]. The mean distance a particle travel by diffusion is thus proportional to the square root of time  t 1=2. This means that in small volumes (such as
cells, which are  10 µm) diffusion may suffice as a method of transportation. However for larger system diffusion is an inefficient way of transportation; for instance
if the cell size would be increased by a factor ten, then the time required to diffuse
from one end of the cell to the other is increased hundredfold.

2.2 Low Reynolds number fluid mechanics
In this section we study the fluid dynamical equations at low Reynolds number. In
particular a general expression for the friction constant is obtained in terms of the
viscosity of the liquid as well as the size and shape of the particle.
7
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The total force ~F (and hence the friction constant) acting on a particle moving (with a velocity ~vpart ) through a viscous liquid is obtained by integrating the
µ-component (µ=x,y or z) of the force per unit area, fµ , over the surface of the object
[9, 10]
I
I
Fµ = fµ dS = ∑ σµλnλ dS;
(2.9)
λ

with nv being the normal to the surface and σµλ is the stress tensor explicitly given
by
∂vµ ∂vλ
σµλ = pδµλ + η(
+
);
(2.10)
∂xλ ∂xµ
assuming an incompressible fluid. ~v(~x) is the induced velocity distribution in the
liquid. The first term of the above equation is the direct momentum transfer of
the liquid to the object [p(~x) is the pressure in the liquid] - the so called pressure
drag [11]. The pressure exerts a force in the normal direction to the surface. The
second term is the frictional drag caused by friction stress acting tangentially on the
surface. η is the shear viscosity of the liquid. The relative importance of the pressure
and frictional drag depends on the shape of the object. For example a plate moving
edge-on in a liquid feels practically no pressure drag but only frictional drag. On the
other hand if the plate moves with the flat side against the stream the pressure drag
is much larger than the frictional drag [11].
The velocity distribution, ~v(~x) and the pressure distribution p(~x) are in the general case determined by the Navier-Stokes equation [9, 11]. The fluid parameters
entering this equation are the fluid density ρ and the viscosity η. We are primarily
interested in applying our analysis to biological systems such as cells moving with
small velocities through viscous fluids. We will therefore assume that the dimensionless number (L is a characteristic length of the particle)
R=

Lvρ
η

(2.11)

is small, i.e., that R  1. R is the so called Reynolds number, which plays an important role in hydrodynamics [9]. The above expression for the Reynolds number is
identical to the ratio between the particle inertia and the viscous force as contained
in Eq. (2.3) provided we replace the particle density ρpart by the fluid density ρ.
Assuming small Reynolds numbers thus corresponds to neglect of fluid inertia. At
small Reynolds number, R and steady flow, the Navier-Stokes equation reduces to
the linear equation [9, 12]
η∇2~v ~∇p = 0:
(2.12)
Notice that the above equation does not contain the density, ρ, of the liquid and the
only parameter entering the fluid mechanical problem is the viscosity, η. This equation is supplemented by the mass conservation equation (the equation of continuity),
which for incompressible liquids reduces to [9, 12]
∇ ~v = 0:

~

8

(2.13)

2.2 Low Reynolds number fluid mechanics

There are always forces of molecular attraction between a viscous liquid and a solid the liquid layers close to the body “adhere” to the body [10]. The boundary condition
is then that the fluid velocity (both normal and tangential components) at the surface
equals the particle velocity (no slip and no penetration), i.e. [9, 10]
vjsurface = ~vpart :

~

(2.14)

Eqs. (2.12), (2.13) and (2.14) together with the boundary condition ~v(j~xj ! ∞) = 0
completely determines the velocity of the liquid and the pressures in the liquid.
Let us now obtain the friction constant for the particle motion. By taking the
divergence (~∇) and the curl (~∇) on Eq. (2.12) and using Eq. (2.13) we obtain the
alternative equations:
∇2 p
∇2(~∇ ~v)

=
=

0;
0:

(2.15)

The pressure and the vorticity, ~∇  ~v, are hence harmonic functions. We will in
chapter 4 find that the electric and magnetostatic potentials satisfies an identical
(Laplace) equation as does the pressure p above. Much of results obtained in the
field of fluid dynamics can therefore be used for electric and magnetic problems
as well (and vice versa), keeping in mind that the boundary conditions in general
differ. Since the boundary condition, Eq. (2.14), is specified entirely in terms of the
velocity field and the pressure can be eliminated from the fluid dynamical equations
[see Eq. (2.15)] ~v must at low Reynolds numbers everywhere be independent of η.
The pressure, however, depends on the viscosity through Eq. (2.12). Since p is a
harmonic function, see Eq. (2.15), it can be written as an expansion in spherical
harmonics. The dominant term far from the particle has the form [9]
pjr large
η

p∞

=

xµ
3
Reff;µλ 3 vpart;λ ;
∑
2 µ ;λ
r

(2.16)

where Reff;µλ is the “effective radius” of the particle and is a 33 tensor with dimension of length and p∞ is the uniform pressure in the fluid in the absence of the
moving particle. The factor 3=2 has been extracted for convenience. The asymptotic
form for ~v is then obtained through Eq. (2.12) and is (as may be verified by direct
substitution)
δλµ xλ xµ
3
vµ jr large = ∑ Reff;λσ(
+
)vpart;σ :
(2.17)
4 λ;σ
r
r3
We notice that the induced velocity field around a moving particle at large distances
is  1=r. The velocity field thus decays slowly with distance r from the particle.
This means that if a second particle is in the liquid at a distance, say, ten particle
radii away, the liquid velocity at that second particle is one tenth of the velocity in
the vicinity of the first particle, thereby inducing a long-range hydrodynamical force
between the particles. This hydrodynamical coupling is for instance important in
9
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polymer physics (see chapter 3), where hydrodynamical interaction between polymer segments strongly affect the total friction for the polymer motion. By using
Gauss equation together with the fluid equations of motion the expression for the
force, Eq. (2.9), can be turned into an integral at infinity [9]. Using the above expansions one thereafter finds that the force becomes Fµ = ∑λ ξµλvpart;λ where the
friction constant is
ξµλ = 6πηReff;µλ :

(2.18)

For a spherical particle the effective radius is a scalar equal to the radius of the particle, and the above equation becomes the well-known Stoke’s law [9]. The general
method for obtaining the friction constant for a particle moving steadily through a
viscous liquid is hence (in the low Reynolds number approximation): (i) Solve Eqs.
(2.12), (2.13) and (2.14) together with boundary condition ~v(j~xj = ∞) = 0. (ii) Make
an asymptotic expansion of the solution and identify Reff;µλ through Eqs. (2.16) and
(2.17). The friction constant is then given by Eq. (2.18).
Strictly speaking Eq. (2.18) is valid only for steady motion. However it can be
shown [13] to be valid also for unsteady motion as long as the characteristic time for
particle motion is longer than the relaxation time τ = ρ f L2 =η (L is a characteristic
length of the particle and ρ f is the fluid density). In terms of the Reynolds number R [see Eq. (2.11)] we have τ = RL=v: As long as the characteristic time scale
of the problem is longer than τ we can safely assume that the friction constant is
independent of time. By introducing the mass of the displaced fluid m f  ρ f L3 we
notice that the the relaxation time can be written τ  m f =ξ. This expression for
the relaxation time is identical to the relaxation time introduced in connection to
the Langevin equation, Eq. (2.1), but where the particle mass is replaced by the displaced fluid mass. Returning to our previous example of a µm-sized bacteria moving
in water we straightforwardly obtain τ  10 6 s [7]. For small objects the friction
tensor thus quickly relaxes to the result as given by Eq. (2.18).
It is interesting to note that the viscous force is proportional to the effective radius (dimension of length) of the particle instead of (as might be intuitively assumed)
the cross sectional area of the particle. This can be understood through dimensional
arguments; the only parameters entering the analysis are η and the particle velocity
vpart (since for low Reynolds numbers Navier-Stoke’s equation is independent of the
fluid density ρ). The only combination of these quantities giving dimension of force
is ηLvpart (since [η]=kg/ms), where L is a typical length of the particle.
Let us now as an illustrative example find the solution of the low Reynolds number Navier-Stoke’s equation for an ellipsoid (with principal radii ax, ay and az , see
Fig. 2.1) moving through a viscous fluid and in particular obtain the friction tensor of
the ellipsoid. We must then solve Eqs. (2.12) and (2.13) together with the boundary
condition Eq. (2.14) for the flow around an ellipsoidal particle moving with velocity
u along the x-axis, i.e., ~vpart = (u; 0; 0). Following [14] we make the ansatz
vx
10

=

A

∂2 Ω
∂χ
+ B(x
2
∂x
∂x

χ);
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z
x

az

ax
ay

Figure 2.1: An ellipsoid. The principal radii are ax , ay and az .

vy

=

vz

=

∂2 Ω
∂χ
+ Bx
;
∂x∂y
∂y
∂2 Ω
∂χ
A
+ Bx
;
∂x∂z
∂z
A

(2.19)

where Ω and χ are harmonic functions given by Eqs. (A.5) and (A.6) respectively.
The ansatz, Eq. (2.19) yields (vx ; vy; vz) = (0; 0; 0) at infinity as it should. By using Laplace equation, Eq. (A.7), it is straightforward to show that the ansatz, Eq.
(2.19), satisfies the equation of continuity, Eq. (2.13). Let us now show that the
low Reynolds number Navier-Stoke’s equation, Eq. (2.12), can be satisfied with the
ansatz above. We find
∂χ
∇2~v = 2B~∇( ):
(2.20)
∂x
Comparing this with Eq. (2.12) we see that Navier-Stokes equation is satisfied for a
pressure distribution in the liquid given by
p

p∞ = 2Bη

∂χ
;
∂x

(2.21)

i.e., the pressure is related the spatial derivative of χ along x.
We now show that the constants A and B can be chosen such that the boundary
condition Eq. (2.14) is satisfied. The surface of the ellipsoid corresponds to ξ = 0
[see Eq. (A.1)]. From Eqs. (2.19), (A.8) and (A.11) we then straightforwardly find
that the boundary condition vz(ξ = 0) = vy (ξ = 0) = 0 gives the condition
2πA
+B = 0
a2x

(2.22)

for the constants A and B. Furthermore using the boundary condition for the xcomponent of the velocity field vx (ξ = 0) = u we obtain
4πAnx

2BQ = u;

(2.23)
11
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where Q is given by Eq. (A.12) and nx is the depolarization factor given by Eq.
(A.13). Combining the results above we get
A

=

B

=

Ba2x
;
2π
u
1
:
2 Q + nxa2x

(2.24)

The general solution to the Navier-Stokes equation is then given by Eqs. (2.19),(2.21)
and (2.24). Notice that the fluid velocity is independent of η [see discussion following Eq. (2.15)].
The force exerted on the ellipsoid is obtained by finding the asymptotic expansion of the solution, Eq. (2.19). At large distances from the ellipsoid, Ω and χ take
the form [14] Ωjrlarge = 4πax ayaz =3r and χjrlarge = 2axay az=r. Inserting these asymptotic expansions in Eq. (2.19) we find
vx jrlarge

=

vy jrlarge

=

vz jrlarge

=

1 x2
2Bax ayaz ( + 3 );
r r
xy
2Bax ayaz 3 ;
r
xz
2Bax ayaz 3 ;
r

(2.25)

where we have used the fact that the first terms of Eq. (2.19) are  A=r3 and can
therefore be neglected (the velocity far from the ellipsoid is hence completely determined by the function χ). Also note that the pressure, Eq. (2.21), far from the
ellipsoid, decreases according to p  B=r2 . Comparing the above asymptotic expression for the velocity with Eq. (2.17), we identify the effective radius according to 43 uReff;xx = 2Baxay az or, using Eq. (2.24), the force is [see Eq. (2.18)]
Fµ = ∑µ ξµµuµ , where the friction tensor is
ξµµ

=

Reff;µµ

=

6πηReff;µµ ;
1
V
;
π Q + nµa2µ

(2.26)

where V = 4πax ayaz =3 is the volume of the ellipsoid. We have generalized the result
to motion along any of the three principal axes (µ = x; y; z). We notice that the friction
tensor depends on both particle properties (through the effective radius) and solvent
properties (through the viscosity). The result for the friction tensor, Eq. (2.26), is
used in paper III.
We have in this chapter investigated the motion of particles through viscous liquids. In particular we have found that for small particles moving with small velocities (low Reynolds number motion) friction dominates inertia. The equations
governing the particle motion are the Langevin equation, Eq. (2.4) or the Smoluchowski equation, Eq. (2.5). We have also obtained an explicit expression for the
12
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friction tensor for an ellipsoidal particle [see Eq. (2.26)] in terms of the viscosity
and the hydrodynamic effective radius of the particle, by solving the low Reynolds
number hydrodynamic equations. These results provide a background to paper III in
which the motion (as caused by an electromagnetic field gradient) of an ellipsoidal
particle moving through a viscous liquid is investigated. The present chapter also
gives background results relevant for chapters 3, 4, 5 and 7.
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CHAPTER 3

Polymers and membranes
In this chapter we investigate the properties of soft matter [15, 16] - in particular
polymers and fluid membranes. The physics of non-interacting polymers in a solvent is described. We find that the equilibrium properties of polymers are described
by random walk physics. We also study polymer dynamics. Fluid membranes are the
two dimensional “generalization” of polymers. We study the equilibrium physics of
membranes and compare to the corresponding polymer results. In paper II the motion of charged polymers in an electrolyte driven through a nanopore in a membrane
by an electric field is investigated. The concepts such as persistence length, radius of
gyration and mobility matrix developed in this chapter are important for that paper
(together with the discussion in chapter 7) .

3.1 Equilibrium physics of polymers
In this section we describe the equilibrium properties of polymers.
A polymer, as discussed here, is a linear chain of chemically bonded molecules.
It is experimentally found that if the number of molecules in the chain is “sufficiently” large they have universal properties (i.e., the properties are independent on
chemical composition). Let us give a simple argument why this should be so. We
consider a long polymer where the the positions along the polymer are specified by
~
x( p), where p is the parameter of the curve. The parameter p is chosen such that the
vector ~u( p) = ∂~x=∂p is a unit tangent vector to the chain, and a straight polymer thus
corresponds to ~u( p)=constant. We now assume that the polymer is characterized by
a bending energy [17, 8]
Z
κp L
∂~u
Ubend =
d p( )2 ;
(3.1)
2 0
∂p
where L is the contour length of the polymer and κ p is the bending modulus of the
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polymer and is determined by local chemical interactions (κ p has dimension of energy times length). When the polymer is in a solvent it is randomly “kicked” by
collisions with the solvent molecules. The strengths of the collisions are determined
by the thermal energy kB T , where kB is the Boltzmann constant and T is the temperature of the solvent. The effect of these collisions is that tangent vectors that are far
away from each other along the polymer contour become uncorrelated. In fact one
straightforwardly shows that for a polymer characterized by the bending energy as
given by Eq. (3.1) [8]
h~u( p) ~u(0)i = exp ( ap );
(3.2)
i.e., correlations decay exponentially along the polymer. We have introduced a quantity known as the persistence length a of the polymer:
a=

κp
:
kB T

(3.3)

The physical meaning of the persistence length is that it is the length over which
the polymer appears rigid. We have above made the simplifying assumption that
the chemical nature of the polymer can be described through a bending modulus.
However the notion of persistence length as the length outside of which there are no
correlations along the polymer does not depend on the exact model chosen and is
universal [18]. We have, for long polymers, therefore reduced the chemical problem
to that of determining the persistence length of the polymer. Notice that L = Na,
where N is the number of persistence lengths. We then choose a and N as the relevant parameters describing a long polymer. As an example single stranded DNA
molecules have a persistence length a  1 nm, whereas double-stranded DNA molecules have a  50 nm [17].
Now we proceed by investigating the statistical equilibrium properties of long
linear polymers. We then have the following problem at our hands: A chain consisting of N segments of length a, where the direction of each segment is independent of
the direction of the previous segment (this is as is discussed above caused by thermal
collisions with the solvent molecules). The single polymer problem is then nothing
but the random walk problem as illustrated in Fig. 3.1 We follow [19] and consider
the polymer statistics as a random walk on a lattice for illustrative reasons. The
number of nearest neighbours to a point on the lattice is denoted by s. We can now
ask questions like: What is the expected end-to-end vector ~R = ~xN ~x0 of the polymer? Because the polymer performs a random walk (a step to the right is equally
probable as a step to the left) we have

hRi = 0
~

;

(3.4)

i.e., the expectation value of the polymer end-to-end vector equals zero. This quantity then does not provide us with any information about the size of the polymer.
Instead we introduce the center-of-mass position ~RC = (∑n~xn )=N of the polymer.
The deviations from the center-of-mass is then described by the radius of gyration
16
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a

x0
xN

Figure 3.1: A polymer can be modeled as a random walk with step length a, where a is the

persistence length of the polymer. The random walk start at position ~x0 and ends at position
~xN . The number of nearest neighbours to a point on the lattice is denoted by s.

Rg of the polymer
R2g 

1
h(~xn
N∑
n

RC )2 i =

~

Na2
;
6

(3.5)

where the last result follows straightforwardly [8]. The “size” of the polymer is
thus  N 1=2, which is characteristic of any intersecting random walk. We have so
far excluded the fact that a polymer cannot intersect itself. Including this so called
excluded volume effect (non-intersecting random walk) one finds that Rg  N 3=5
[19], i.e., the size of the polymer is increased as a result of the excluded volume
effect. Which type of random walk statistics that is most appropriate for a given
problem depends for instance on the nature of the solvent and is beyond the scope
of this introductory text. The interested reader is referred to Refs. [8, 19, 18]. We
will here mainly be concerned with intersecting random walks for simplicity.
We now introduce a mathematical entity known as the polymer Green function
G(~x;~x0 ; N ). By definition we have that sN G(~x;~x0 ; N ) gives the number of statistically
weighted paths starting at ~x and ending at ~x0 . The factor sN , which gives the total
number of paths of N steps, has been extracted for convenience. In the absence
of any external potential and in the continuum limit the Green function becomes
[8, 19, 18]
G0(~x;~x0 ; N )

=

g0x (x; x0 ; N )g0y (y; y0 ; N )g0z (z; z0 ; N );

g0v (v; v0 ; N )

=

(

1 1 =2
exp [
)
4πR2g

(v

v0 )2

4R2g

];

(3.6)

where v = x; y; z and N is the number of polymer segments (the number of steps in
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the random walk) as before. The Green function is thus a Gaussian the width of
which is determined by the radius of gyration Rg . In the presence of an external
potential U (~x) one must weight each polymer conformation by a Boltzmann factor
[8, 19, 18]
(3.7)
exp [ β ∑ U (~xn )];
n

when calculating the Green’s function. The sum is over all segment positions and
as before β = 1=kB T where kB is the Boltzmann constant and T the temperature
of the solvent. Taking U (~x) into account using the recipe above (i.e., by explicitly
weighting each conformation by a Boltzmann factor) is usually not very convenient
for explicit calculations. Instead one can show that the polymer Green’s function
in the presence of an external potential satisfy the following differential equation
[8, 19, 18]:
∂
a2 2
∇ + βU (~x)]G(~x;~x0 ; N ) = δ(~x ~x0 )δ(N );
[
(3.8)
∂N
6
where ∇2 = ∂2=∂x2 + ∂2=∂y2 + ∂2=∂z2 and we have taken the continuum limit. This
equation is appropriate for calculating the polymer Green’s function.
We close this section by considering an example which serves to illustrate the
importance of the connectivity of the polymer (i.e., the fact that the molecules in the
polymer are linearly attached to each other) as well as the usefulness of Eq. (3.8) for
practical applications. Consider a polymer confined in a box of volume V = LxLy Lz.
The confinement is imposed by letting the potential U = ∞ outside the box (and
U = 0 inside). This is effectively the same as imposing the condition G(~x;~x0 ; N ) = 0
on the boundary of the box. The solution of Eq. (3.8) with this boundary condition
is [8]
G(~x;~x0 ; N )

=

gx (x; x0 ; N )

=

gx (x; x0 ; N )gy (y; y0 ; N )gz (z; z0 ; N );
2 ∞
pπx
pπx0
) sin (
) exp (
p2π2 R2g =L2x )
sin (
∑
Lx p=1
Lx
Lx

and similarly for gy and gz. Before proceeding we recall that for an ideal gas the
pressure on the walls is pv = kB T =V (v = x; y; z). Let us now calculate the pressure
the polymer exerts. The pressure isR px = (kB T =LyLz)∂ ln Z =∂Lx where we have introduced the partition function Z = d 3xd 3 x0 G(~x;~x0 ; N ). Using the above expression
for the Green function we find that the partition function becomes Z = ZxZy Zz where
Zv =

∞
8
1
L
exp [
v
∑
π2 p=1;3;:: p2

π2 R2g

p2
]:
L2v

(3.9)

We now distinguish between two cases. First consider a polymer which is smaller
than the box Rg  Lv . We then find Zv = (8Lv =π2 ) ∑∞p=1;3;:: 1= p2 = Lv and we therefore get the pressure
kB T
(3.10)
px =
V
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and similarly for py and pz. When the polymer is small compared to the size of the
box it can be treated as a point particle and therefore satisfy the ideal gas law as
expected. We proceed by considering the case when the radius of gyration of the
polymer is larger than the size of the box Rg  Lv (but where the persistence length
is smaller than the box a  Lv ). We then have Zv = (8=π2 )Lv exp [ π2 R2g =L2v ] which
gives the pressure
2π2 R2g kB T
(3.11)
px 
L2x V
in the x-direction (the expression for py and pz are similar). We see that there is now
a dependence on the parameter Rg =Lv in the expression for the pressure. We notice
that this deviation from the ideal gas law is a direct consequence of the connectivity
of the chain; since we assume a  Lv unconnected chain segments would satisfy the
ideal gas law. It is thus the mere “act” of connecting the segments that gives rise to
the deviations from ideal gas behaviour. The connectivity of a polymer proves to be
important also for the results in paper II, in which the motion of a polymer through a
nano-pore is investigated. We find that when the length of the pore is large compared
to the polymer persistence length, the connectivity of the polymer enhances entropic
confinement effects which in turn has a large impact on the polymer motion.

3.2 Polymer dynamics
In this section we discuss the dynamics of a single polymer in a solvent.
The equation of motion for a polymer satisfies a low Reynolds number equation
of motion just as does a single particle in a solvent (see chapter 2). Two additional
complications in the study of polymer dynamics are: (i) the connectivity of polymer
segments (ii) hydrodynamics coupling between segments. The most general equation of motion for segment n at position ~xn (t ) = (xn (t ); yn(t ); zn(t )) at time t is [8, 18]
[compare to Eq. (2.4)]

$

1

∑ H mn
n

 ∂∂txn =
~

∇mU + ~
Fext (~xm ) + ~gm (t );

~

(3.12)

where ~∇m = (∂=∂xm ; ∂=∂ym; ∂=∂zm) and we have in a standard fashion neglected
$
inertial terms. The tensor H nm is the so called mobility matrix and has dimension
of inverse friction. ~gm (t ) is a stochastic force acting on segment m and the external
force acting on the polymer is denoted Fext (~x). The first term on the RHS is the force
as caused by the connectivity of the chain. A consistent choice of the potential U is
U

=

k
(~xn
2∑
n

x

~n

1)

2

;

(3.13)

where k = 3kBT =a2 . This choice of U makes sure that the Green’s function goes
to its equlibrium value at long times [8, 19, 18]. We notice that U has the form
of an interaction potential between harmonically coupled particles. The equation
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above can be turned into a Smoluchowski equation for the probability distribution
P(f~xn gN
n=1 ; t ) [8]. When hydrodynamic interactions between segments are excluded

$

the mobility matrix takes the form ( I is the 33 unit matrix)

$

$

H nm =

I
δnm;
ξ

(3.14)

i.e., mobility matrix is the inverse of the friction constant (ξ is the local friction constant for a segment), which in turn is caused by the local interaction of each segments
with its local solvent environment. The above choice of the mobility matrix is the
main assumption underlying the Rouse model of polymer dynamics. Eq. (3.12) can
then be solved by a Fourier transform. The result and corresponding normal modes
of the polymer can be found in most textbooks on polymer dynamics [8, 19, 18]. We
here only give the result for the center-of-mass mean square displacement which is
[compare to Eq. (2.8)]

hjRC (t )
~

RC (0)j2 i = 6Dt ;

~

(3.15)

where
D=

kB T
:
Nξ

(3.16)

The total friction is thus ξtot = Nξ, i.e., each segments contributes equally to the
friction for the polymer. The diffusion of the center-of-mass of the polymer is the
slowest dynamics process for a free polymer. The higher order normal modes in the
Rouse model correspond to internal relaxation processes in the polymer.
Unfortunately the N 1 -dependence of the center-of-mass diffusion constant for a
polymer as obtained in the Rouse model does not agree with experiments. This failure comes from the fact that we have neglected hydrodynamic interactions between
segments; as we saw in the previous chapter the velocity field around a moving particle decays slowly with distance r between segments, v  1=r. This long-range
disturbance of the velocity is felt by other segments. Once the hydrodynamic coupling is included in the mobility matrix Eq. (3.12) is no longer analytically solvable.
Using dynamical scaling laws and more elaborate approximation schemes [8, 18]
(the so called Zimm model of polymer dynamics) one finds that ξtot  N 1=2, i.e., that
the polymer behaves as a “ball” of radius R = Rg  N 1=2 (no excluded volume effects) where Rg is the polymer radius of gyration. This result originates from the fact
that when a polymer is moving through a viscous liquid only the “outer” segments
in the coil interact with the liquid. The “inner” segments are protected/screened
from interaction with the solvent by the outer segments. Because of the long-range
character of the liquid velocity field around a moving particle at low Reynolds numbers, the presence of walls affect the polymer friction. In particular when a polymer
moves through a pore the presence of the surrounding walls affect the friction [19].
This observation is important for the results obtained in paper II.
20
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3.3 Fluid membranes
As discussed in the introduction a cell membrane is a bilayer of phospholipid molecules, with cholesterol and proteins embedded or attached. In this section we mainly
limit the discussion to the equilibrium physics of lipid membranes. We will also
discuss vesicles, which are closed lipid membranes and thus provide the simplest
possible model systems of cells.
The current theoretical understanding of the equilibrium properties of membranes is based on the concept of bending elasticity of a membrane [20, 21, 22,
23, 24]. When discussing the elastic theory of membranes there are three distinct
possible deformation, see Fig. 3.2 (i) Stretching - in this kind of deformation the area
of the membrane is locally changed (ii) A shearing motion is an in-plane deformation which preserves the area (iii) Bending is a deformation in the normal direction
of the membrane. We now follow [20] and [25] when writing the elastic energy of
a membrane: The membrane is in a 2-dimensional fluid state, which means that a
shearing deformation cost a very small amount of energy and can be neglected in
the free energy functional. Furthermore it is found that a membrane is essentially
unstretchable (it is an incompressible two dimensional fluid). It is then possible to
show that the most general expression for the elastic energy of a fluid membrane is:
Ubend =

κm
2

Z
(2H

Hsp) dS + κ̄m
2

Z
KdS;

(3.17)

where the integrals go over the membrane surface. We have introduced Hsp called
the spontaneous curvature which may be positive as well as negative and allows for a
bilayer that have chemically different outside than inside environment (as caused for
instance by proteins attached to the outer or inner bilayer). H is the mean curvature
defined in Eq. (B.16) and K is the Gaussian curvature [Eq. (B.15)]. The above
expression for the elastic energy is usually referred to as the Helfrich Hamiltonian.
For closed membranes (vesicles) the last term can be rewritten using the GaussBonnet theorem Eq. (B.19); the second term of the elastic bending energy is thus just
a constant (for a given topology). For unclosed membranes the second term of Eq.
(3.17) can be rewritten as an integral over the membrane boundary [26]. For most
practical purposes the elastic energy of bending of a vesicle is therefore effectively
determined by only one elastic constant, κm . Eq. (3.17) is the generalization of
the bending energy for a polymer introduced in Eq. (3.1). Notice however that the
elastic constant in the polymer case had dimension of energy times length, whereas
the elastic constant in the present case has dimension of energy.
Given the internal energy of a membrane one may proceed as in the previous
section to define a persistence length a as the length outside of which there are no
correlations along the membrane (the membrane is randomly “kicked” by thermal
collisions with the solvent molecules). Such an analysis for an unclosed membrane
gives the result [25]
4πκm
a = Λ 1 exp (
);
(3.18)
3kB T
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Figure 3.2: (top-left) A stretching deformation in the plane of a membrane (top-right) a

shearing deformation in the plane of the membrane (bottom) a cut through a membrane
undergoing a bending deformation.

where Λ is a cut off wavevector and Λ 1 is taken as the order of size of a lipid
molecule (i.e., a few Å). The above expression for the membrane persistence length
should be compared to the corresponding polymer result, Eq. (3.3). The polymer
persistence length is proportional to the elastic constant, whereas the membrane persistence length is exponential in the elastic constant. This difference hence occurs
solely as an effect of going from a one to a two dimensional object. We can gain
some insight into the difference by investigating the elastic bending constants. The
only relevant energy scales in the problem are provided by the thermal energy kB T
and the elastic constant. Since for a polymer the bending constant has dimension
of energy times length we can directly obtain a relevant length scale as κ p =kB T .
However for a membrane κm =kB T is dimensionless. One is therefore forced to introduce another relevant length scale, namely the cut-off distance Λ 1 . Since κm is
usually a few tens of kB T [21] for realistic vesicles the persistence length [see Eq.
(3.18)] is typically much larger than the vesicle (a typical vesicle size is  1 µm)
[21]. This observation is also important for the model developed in paper II, where
we study the passage of charged polymers through a nano-pore in a membrane; in
our model we assume that the membrane in which the nano-pore is reconstituted is
flat (or rather the membrane is flat over distances larger than any other characteristic
length in the problem, such as the size of the pore or the polymer radius of gyration).
Since the persistence length of a membrane is typically much larger than the vesicle
size the equilibrium shape of a vesicle is determined by the shape of lowest elastic
energy (a universal random walk approach as applied to polymers cannot in general
be applied to membranes). Furthermore vesicles (unlike the polymers considered in
22
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the previous chapter) are closed structures, which requires us to take the constraints
of fixed area and volume into account. A discussion of minimal shapes of vesicles
with the appropriate constraints can for instance be found in [21].
We have in this chapter discussed the properties of polymers and fluid membranes. For both polymers and membranes we defined the persistence length as the
length outside of which there are no correlations along the polymer or membrane.
For many realistic polymers the persistence length is much smaller than its contour
length, which allow us to describe polymer equilibrium properties by random walk
statistics. For membranes, however, the persistence length is usually larger than the
typical vesicle size, which makes the theoretical analysis different. We have furthermore emphasized the importance of the connectivity as well as hydrodynamic
couplings in the study of soft matter. The results given in this chapter are particularly important as a background to paper II, in which electrostatically driven motion
of charged polymers through a nanopore in a membrane is investigated.
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CHAPTER 4

Matter-field interactions
In this chapter we discuss the response of a system to an external electric or electromagnetic field by defining the polarization and the dielectric function. These
definitions are used in chapter 7 where we obtain the dielectric function of an electrolyte. We derive a general expression for the extinction cross section, which is
used to obtain the cross section for molecules (chapter 5) and molecular aggregates
in chapter 6. We also present the solution of Gauss equation for an ellipsoidal polarizable particle which is used explicitly in paper III and serves as a background to
papers IV and V.

4.1 Mechanical work done by an electromagnetic field
In this section we give an expression for the extinction cross section.
Consider the physical situation where an external electromagnetic wave is incident on a system. The mechanical work, Emech, done by this field on the system is
then [27]
Z
dEmech
=
J~ind(~x; t )  ~
E0 (~x; t ) d 3x;
(4.1)
dt
where J~ind (~x; t ) is the induced current density in the system and ~E0 (~x; t ) denotes
the external electric field. Following [28] we procced by dividing the charge into
induced ρind and external ρext charge densities, i.e.,
ρ(~x; t ) = ρind (~x; t ) + ρext (~x; t ):

(4.2)

The external charge density is simply charges that are situated outside the system
under investigation (giving rise to the external electric field ~E0 ). The induced charge
density arises by the polarization of the system by the electric fields. We can write
ρind (~x; t ) = ~∇  ~P(~x; t );
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where ~P(~x; t ) is the polarization of the medium. For the case of a number of molecules with non-overlapping electronic wavefunctions ~P is simply the induced dipole moment per unit volume [28]. It is sometimes convenient to split the induced
charge density into two contributions; “free” and “bound” charges. By free charges
we mean for instance free electrons in a metal or ions in an electrolyte. By bound
charges we mean charges such as bound electrons in a molecule, which are restricted
to motion in a localized region. We shall not do this division here because it is
sometimes confusing. Therefore ~P as given above is such that when there are “free”
charges they are included in our definition of the polarization. If we now restrict our
attention to systems where the total charge is conserved (i.e., no charge is added to
the system from outside) and where magnetic polarization effects are small (this is
usually the case [28]) then the relation between induced current density and induced
charge density satisfies the equation of continuity: ∂ρind(~x; t )=∂t = ~∇  J~ind(~x; t ) or
using Eq. (4.3) we find
∂~P(~x; t ) ~ind
= J (~x; t );
(4.4)
∂t
i.e., the rate of change of the polarization (as defined above) is simply the induced
current. Using this relation in Eq. (4.1) we get the alternative expression
dEmech
dt

Z
=

∂~P(~x; t ) ~
 E0(~x; t )d 3x;
∂t

(4.5)

for the mechanical work done by the external field on the system.
E0 (~x)e iωt ] =
We now proceed by assuming a harmonic time-dependence ~E0 (t ) = Re[~
1 ~
x)e iωt + ~E0(~x) eiωt ] and the same for ~P(~x; t ). The time-averaged power of Eq.
2 [E0 (~
(4.5) then becomes
Z
Z
dEmech
1
ω

3
~
~
h dt i = 2 Re( iω P(~x)  E0(~x) d x) = 2 Im ~P(~x)  ~E0(~x)d 3x:
The mechanical energy can either be absorbed by the system or reradiated to the
surroundings (scattering). It is customary to define the extinction (or total) cross
section, σ, according to
σ

(Absorbed energy+scattered energy)/unit time
Energy flux of the incoming radiation

= σabs + σscatt :

The energy flux of the incoming radiation is cε0 j~
E0 j2 =2, where ε0 is the permittivity
of free space [27]. The extinction cross section for a harmonically time-varying field
then takes the form
Z
k
σ(ω) =
(4.6)
Im ~P(~x)  ~E0 (~x) d 3x:
2
jE~ 0j ε0
Here, k = j~kj = ω=c = 2π=λ, where ~k is the propagation vector of the electric field.
The correct quantum mechanical expression is obtained by replacing ~P(~x) by the
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corresponding quantum mechanical expectation value [29]. The calculation of the
induced polarization (or induced charge density) requires (classical or quantum mechanical) microscopic theories for the dynamics of the system. We will encounter
such theories in the remaining chapters in this study. If we assume that the wavelength is much larger than the molecules of the system then the electric field only
probes the molecules as pointlike objects and we may write ~P(~x) = ∑i ~pi δ(~x ~xi ).
Eq. (4.6) then becomes
σ(ω) =

k

jE0j
~

2ε

0

Im ∑ ~pi  ~E0;i :

(4.7)

i

We point out that the extinction is a measureable quantity, and we will use the result
above in chapter 5 to get the cross section for molecules and in chapter 6 to find the
cross section for molecular aggregates.
The scattering cross section is proportional to k4 [30], whereas, as seen above,
the extinction cross section is proportional to k. Introducing L as a typical size of the
aggregate the “strength” of the scattering relative to the extinction cross sections is
determined by the dimensionless parameter, (kL)3  (L=λ)3 . Thus for small aggregates as compared to the wavelength of the external field the extinction cross section
is much larger than the scattering cross section. A measurement of the absorption
then gives the same result as a measurement of the extinction.

4.2 Gauss equation
In this section we state the Maxwell macroscopic equations. We focus especially on
the non-retarded limit in which the Maxwell equations reduce to Gauss equation.
E and magnetic induction ~B in vacuum are deterThe total macroscopic electric ~
mined by the total charge density ρ and total currents J~ in the system according to
the equations (in SI units)
∇  ~E (~x; t )

=

ρ(~x; t )=ε0;

∇  ~E (~x; t )

=

∂~B(~x; t )
;
∂t

~

~

∇  ~B(~x; t )

=

0;

∇  ~B(~x; t )

=

1 ∂~
E (~x; t )
~(~
+ µ0 J
x; t );
2
c
∂t

~

~

(4.8)

where ε0 is the permittivity of free space as before, µ0 is the permeability of free
p
space and c = 1= µ0 ε0 is the velocity of light in vacuum. The above set of equations
are known as Maxwell’s macroscopic equations. We point out that all fields appearing above are macroscopic quantities, i.e., they are averaged over a microscopically
large region of space [28]. A particularly interesting solution of the above equations
are that of an electromagnetic wave; the electric and magnetic fields couple into a
transverse wave moving with velocity c. The magnetic component of this field is of
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the order c smaller than the electric component [27]. We now, as in the previous section, distinguish between induced and external charges. Maxwell’s equations then
become
∇  ~D(~x; t )

=

~ (~
∇E
x; t )

=

∇  ~B(~x; t )

=

0;

~ (~
∇H
x; t )

=

∂~D(~x; t ) ~ext
+ J (~x; t );
∂t

~

~

~

~

ρext (~x; t );
∂~B(~x; t )
;
∂t

(4.9)

where J~ext is an external current density. The external current density is related to
the external charge density ρext through the equation of continuity: ∂ρext (~x; t )=∂t =
~
∇  J~ext (~x; t ) [which is implicit in Eq. (4.8)]. We have introduced the displacement
field
~
D(~x; t )  ε0~E (~x; t ) + ~P(~x; t ):
(4.10)
We notice from Maxwell’s equations that the displacement field is directly related
to the external charge density and is therefore an external field. We can thus write
~
D = ε0~E0 , where ~E0 is an external electric field. We have above, like in the previous section, neglected induced magnetic polarization effects so that the magnetic
~ according to ~
~
induction ~B is related to the magnetic field H
B = µ H.
$ 0 00
It is customary to introduce a dielectric function ε (~x;~x ; t ; t ), which relates the
external ~
D-field to the total electric field ~
E in the system according to
Z
Zt
$
3 0
~
D(~x; t ) = d x
(4.11)
dt 0 ε (~x;~x0 ; t t 0 )~E (~x0 ; t 0):
∞

We notice that the dielectric function includes the effect of polarization (induced
charge density) by definition [see Eq. (4.10)], i.e., we have swept all information
about the microscopic dynamics into the dielectric function.
We now assume that we know the dielectric function of the system under investigation. Then the electric and magnetic fields are directly obtained through
Maxwell’s equations, Eq. (4.9). The general problem is difficult to solve. We will
here therefore make the non-retarded field approximation. In this approximation the
electric and magnetic fields decouple. In particular the magnetic correction to the
electromagnetic field is zero and the two relevant equations in regions where there
are no external charge density (ρext = 0) are ~∇  ~
D = 0 and ~∇  ~E = 0. The latter of
these two equations allow us to introduce a scalar potential, Φ, according to
~ (~ ;

E x t) =

∇Φ(~x; t ):

~

(4.12)

Inserting this equation into the equation for the ~D-field and using Eq. (4.11) we get

$

∇  [ ε ~∇Φ(~x; t )] = 0;

~
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which is called Gauss equation. In regions where the dielectric function is a scalar
and does not depend on position Gauss equation reduces to Laplace equation ∇2Φ =
0.
We point out here that for regions where the current density vanishes the magnetostatic equations are of identical form as the non-retarded equations above [27]. We
have so far assumed that there is no induced magnetization in the system; the mag~ !
netization is included into Maxwell’s equation through the replacement ~B = µ0 H
$
$
~ where µ is the magnetic permeability [27]. From Eq. (4.9) we then find
~
B = µ H,
that, for regions with no current density, the two relevant magnetostatic equations
H = 0. These equations are identical to the equations for the
are: ~∇  ~B = 0 and ~∇  ~
~
electric fields in the non-retarded limit given above, with the replacements ~
E !H
and ~D ! ~B. In particular we can introduce a magnetic scalar potential Φm according
$
~
~ =
∇Φm , which satisfies the equation ~∇  ( µ ~∇Φm ) = 0. This equation is idento H
$
tical to Gauss equation, Eq. (4.13), but where the dielectric function ε is replaced
$
by the magnetic permeability µ .
The Gauss equation (or Laplace equation) is a convenient tool for including
shape effects on the electric response of macroscopic particles (see papers III, IV
and V). As an illustration we solve Laplace equation for an ellipsoidal particle (see
Fig. 2.1) in a homogeneous external electric field E0 in the x-direction. The dielectric function of the particle is εin and the medium has dielectric function εm . We
follow [31] and make the ansatz for the potential, Φout , outside the ellipsoid:

where

Φout = Φ0 + Φ p;

(4.14)

Φ0 = E0 x:

(4.15)

For the induced potential Φ p outside the particle we take
Φ p = Dxγx (ξ);

(4.16)

where γx (ξ) is an elliptic integral of the second kind given by Eq. (A.8) and ξ is the
“radial” ellipsoidal coordinate, see appendix A. D is an unknown constant which
is determined through the boundary conditions (see below). From Eq. (A.9) we see
that Φ p satisfies Laplace’s equation. For the potential Φin , inside the the ellipsoid,
we make the ansatz
(4.17)
Φin = Ax;
i.e., we assume that the field inside the ellipsoid is linear in the x-coordinate. Let
us show that it is possible to choose the constants A and D such that the boundary
conditions that the potential as well as the normal components of the displacement
field are continuous [27] are satisfied. Since the surface of the ellipsoid corresponds
to ξ = 0 [ see Eq. (A.1)] the two boundary conditions are:
Φ0 (ξ = 0) + Φ p(ξ = 0)
∂Φ p(ξ = 0)
∂Φ0(ξ = 0)
εm
+ εm
∂ξ
∂ξ

=
=

Φin (ξ = 0);
∂Φin (ξ = 0)
εin
;
∂ξ

(4.18)
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or explicitly using the ansatz above we find
A

=

D

=

E0
1
;
nx εi 1 + 1=nx
εi 1
E0
;
2nx εi 1 + 1=nx

(4.19)

where εi  εin =εm is the relative dielectric function and the depolarization factor nx
is given by Eq. (A.13). The above equations for A and D together with Eqs. (4.16)
and (4.17) completely determine the potential in all space. The shape of the particle
enters through the depolarization factor nx [31, 32]. The depolarization factor is
an important entity which appear explicitly in papers III, IV and V. For a sphere
nx = 1=3 (see appendix A).
The electric field inside the ellipsoid is in the x-direction and of magnitude Ein =
∂Φin =∂x where explicitly, using the results above,
Ein
E0

=

A
E0

=

1
nx ε i

1
1 + 1=nx

:

(4.20)

The electric field is hence screened inside the particle if the dielectric function of the
ellipsoid is larger than that of the surrounding medium. In particular, for a particle
having an electrolyte inside at low frequencies or being metallic we have jεi j !
∞ (see chapter 7) and hence the electric field inside the particle is zero (perfect
screening).
We now make an asymptotic expansion of Φ p for large distances from the ellipsoidal particle in order to identify the induced dipole moment. We have [see Eq.
(A.8)]
V x
;
(4.21)
Φp  D
2π r3
where V = 4πax ayaz =3 is the volume of the ellipsoid. The expression above for the
potential is that of a dipole [27] with dipole moment pµ = 4πε0 εm αµµ E0 , where we
have introduced the polarizability of the particle
αµµ =

V
f (ω; nµ );
4πnµ

with
f (ω; nµ) =

εi (ω) 1
εi (ω) 1 + 1=nµ

(4.22)

(4.23)

and we have generalized the result to allow the external field to be along any of the
three principal axes (µ = x; y; z). For a metal or an electrolyte at low frequencies
jεij  1 and the polarizability becomes αµµ  V =4πnµ, i.e., it is determined entirely
by the volume and the inverse depolarization factor (0  nµ  1).
In this chapter we have discussed the work done by an external field by introducing the extinction cross section (a measurable quantity), Eqs. (4.6) and (4.7), which
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is used in chapters 5 and 6. The definition of dielectric function Eqs. (4.10) and
(4.11) will be used in chapter 7. We have furthermore discussed Gauss equation
and in particular we studied the particle shape dependence of the solutions to this
equation. We found that for an ellipsoidal particle the dependence on shape enters
through the depolarization factors nx, ny and nz. These entities appear explicitly in
papers III, IV and V.
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CHAPTER 5

Single molecule polarizabilities
In this chapter we discuss the electric response of a single molecule and in particular
$
we study the polarizability α (ω) of the molecule. The polarizability is in general
a 33 tensor, which relates the induced dipole moment to an external electric field
$
~
E0 at that molecule according to ~p = 4πε0 α (ω)  ~E0 (ω). When the molecules
are situated in a medium of relative dielectric constant εm we make the replacement ε0 ! ε0εm . Polarizabilities for a molecule with simple electronic levels and
for electron-vibrationally coupled molecules are given. The results obtained in this
chapter provide a background to chapter 6 as well as to paper I, in which the interaction between an external electromagnetic field and molecular aggregates is investigated; the polarizability of the constituent molecules there appear as important
entities.

5.1 General formalism
In this section we give the formal expression for the polarizability in terms of the
retarded dipole-dipole response function.
Let us consider a single molecule under the influence of an electric field E µ (t ) =
E µ exp [i(~k ~r ωt )], where µ = x; y; z denotes vector components. In the linear
regime the response to the electric field is contained in the polarizability of the molecule, which can be found as the Fourier transform [33]
Z∞
1
αµν (ω) =
dteiωt Πµν (t ; 0);
(5.1)
4πε0 ∞
 notice

that this definition of the polarizability differ from the one given in paper I; in paper I we
$
$
~ 0 . The relationship between the polarizability as
define the polarizability α I according to ~p = α I E
given in that paper and the one given in this introductory part and paper III, IV and V is therefore:
$
$
α I = 4πε0 α.
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where h̄ is the Planck constant. Πµν (t ; 0) is the retarded dipole-dipole response
function given explicitly by
i
Πµν (t ; 0) = Θ(t )hj[dˆµ(t ); dˆν(0)]ji;
h̄

(5.2)

where Θ(t ) is Heaviside’s step function and dˆµ(t ) is the µ-component of the dipole
operator. At zero temperature, T = 0, hj::::ji means the ground state expectation
value in the absence of the external field and at T 6= 0 hj::::ji means the thermal
expectation value. The polarizability is thus a property of the system in the absence
of the external field. The time-evolution of the dipole operator is
dˆµ(t ) = eiH0t =h̄ dˆµe

iH0 t =h̄

(5.3)

i.e., it is determined by the Hamiltonian H0 of the molecule. Eq. (5.1) is a special
case of a general result, the Kubo formula, that connects the response to a weak
external perturbation of a system to some operator evaluated in equilibrium.
For a single molecule we may use Eq. (4.7) to obtain the extinction cross section
σ(ω)jsingle mol: =

4πk
Im[αµµ (ω)];
3

(5.4)

where we have taken the trace above in order to obtain the rotationally averaged
spectra (repeated vector indices are summed over). The extinction (a measureable
quantity) is thus determined by the imaginary part of the polarizability. The imaginary part is related to the real part of the polarizability through Kramer-Kronig
relation, which is a relation valid for response functions, αµν (ω), satisfying the following requirements [34],




The poles of αµν (ω) are all below the real axis.



The function Re[αµν (ω)] is even and Im[αµν (ω)] is odd.

The integral of αµν (ω)=ω vanishes when taken around an infinite semi-circle
in the upper half of the complex ω-plane. It suffices that αµν (ω) ! 0 as jωj !
∞.

For polarizabilities αµν (ω) satisfying these conditions the Kramer-Kronig relations
are
Z∞ 0
2
ω Im[αµν (ω0 )] 0
µν
Re[α (ω)] =
P
dω ;
2
π 0
(ω0 )
ω2
Z∞
Re[αµν (ω0 )] 0
2ω
µν
P
dω :
Im[α (ω)] =
(5.5)
2
π
0 (ω0 )
ω2
The fact that the real part is related to the imaginary part of the polarizability is due
to causality requirements [35].
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5.2 Two-level molecules
For a system characterized by a set of discrete energy levels, Eq. (5.1) can be evaluated (see appendix C). The result for the polarizability is contained in Eqs. (C.4)
and (C.5). Let us here for simplicity consider a system with two electronic levels,
with energies E0 and E1 respectively. The polarizability then becomes
µν

α

µν

(ω) =

where
µν

α0

=

ω210

α0 ω210
;
ω2 iωL(ω)

hΦ0jdˆµjΦ1ihΦ1 jdˆµjΦ0i
2πh̄ω10 ε0

(5.6)

(5.7)

is the static polarizability of the molecules. h̄ω10  E1 E0 is the energy difference between the electronic levels and jΦ0 i (jΦ1 i) is the ground state (first excited
state) eigenfunction. The parameter L(ω) corresponds to damping of the electronic
motion.
The form for the polarizability as given by Eq. (5.6) can be derived by a “classical” approach; this approach also sheds some light on the damping parameter L(ω)
and we therefore give the explicit derivation here. We assume that the motion of an
electron is described by Langevin’s equation, Eq. (2.1), where m here is taken as the
electron mass and the friction tensor is assumed to be a scalar ξ. The friction for
the electronic motion can for instance occur because of radiation damping or interactions with the surroundings [36, 37]. The force on the electron from the nuclei is
assumed to take the form of a Hooke’s restoring force, i.e., we take the force appearing in Langevin’s equation as: F = mω210x. Assuming harmonic time-dependence,
exp ( iωt ), of all quantities and averaging Eq. (2.1), we find that the expected electron position hxi satisfies the equation (limiting the discussion to one-dimensional
motion for simplicity)
mhxi( ω2 + ω210

iωL) =

eE0

(5.8)

where we have included the force eE0 from an external electric field ( e is the
electron charge). We have also defined a damping parameter L  ξ=m. The expected
dipole moment of the atom is h pi = ehxi and hence using Eq. (5.8) we write h pi =
4πε0 αE0 where the polarizability is
α(ω) =

ω210

α0 ω210
;
ω2 iωL

(5.9)

with α0 = e2 =(4πε0 mω210 ). The classical result Eq. (5.9) has the same form as Eq.
(5.6). The difference between the quantum mechanical and the classical results enters through the static polarizability α0 ; in the quantum mechanical expression α0
depends on the transition dipole matrix element which can only be calculated with
a knowledge of the molecular eigenfunctions. In the classical derivation above the
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ε
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hω
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Figure 5.1: (left) Absorption: The molecule receives energy, h̄ω, from the electromagnetic

field an ends up in an excited state. (right) Stimulated emission: The molecule gives up
energy, h̄ω, to the electromagnetic field and ends up in a lower molecular level.

damping parameter L is the ratio of the friction constant and the electron mass. In
terms of the relaxation time τ introduced in Sec. 2.1 we have L = 1=τ, i.e., the damping constant is related to the inverse relaxation time. In the general case the damping constant depends on frequency, for instance for radiative damping L(ω) = ω2 ϒ,
where ϒ = 2e2 =3mc3 is a radiative damping parameter [27, 38].
The real part of the polarizability [assuming L(ω) to be real] is,
µν

Re[α

µν

(ω)] =

α0 ω210(ω210 ω2 )
;
(ω210 ω2 )2 + ω2 L2

(5.10)

while the imaginary part, which corresponds to extinction, is
µν

Im[α

µν

(ω)] =

α0 ω210 ωL
:
(ω210 ω2 )2 + ω2 L2

(5.11)

Sharp resonances occur at frequencies ω = ω10 , i.e., when the energy of the incoming light matches that of the energy difference between energy levels (see Fig.
5.1). ω = ω10 corresponds to the absorption of a photon, while at ω = ω10 the
molecule gives up energy to the electromagnetic field (stimulated emission).
Note that in the limit of very high frequencies, jωj ! ∞, the polarizability goes
to zero. This is due to the fact that at high frequencies the charges are unable to
follow the rapidly changing field.
The polarizability is in general a 33 tensor. For spherically symmetrical molecules the induced dipole moment does not depend on the polarization of the incoming field and the polarizability is a scalar. For elongated molecules the induced
dipole moment will in general be larger along the major axis - if the coordinate system is chosen such that this axis is along the x-axis then αxx is larger than αyy and
αzz . Off-diagonal elements of the polarizability corresponds to a situation where the
induced dipole moment is in a different direction than the polarization vector of the
external electromagnetic field.
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5.3 Electron-vibrationally coupled molecules
For larger molecules (such as biomolecules, see introduction) intramolecular vibrations can be induced [39, 40], either directly by the external electromagnetic field
or indirectly through the Coulomb coupling between electronically excited electrons
and the nuclei. The latter mechanism and how it affects the polarizability is illustrated below.
The electrons and the nuclei are coupled through Coulomb interactions. When a
molecule is electronically excited the nuclei will feel this and adjust themselves to
the new electronic configuration. During the adjustment a vibration might be created
[in the previous section we implicitly assumed the nuclei mass M to be infinite (the
so-called Born-Oppenheimer approximation), i.e., we excluded the possibility that
vibrations are created (an infinitely heavy particle cannot move)]. For many systems
it is only vibrations of a specific energy, h̄ωvib , that couple significantly to the electronic motion (Einstein model). For this particular case the polarizability becomes
[33, 40, 41]
α

µν

(ω)

=

µν
α0 e g(2N +1)

∞

∑

m= ∞

Im (2g[N (N + 1)]1=2)eβmh̄ωvib=2

 (ω )2ω10ωω2m iωL ;
m

(5.12)

µν

where α0 is the static polarizability as previously defined and
h̄ωm = h̄ω10 h̄41 +h̄40 +h̄ωvib m:

(5.13)

The dimensionless electron- vibrational coupling paramenter, g, is sometimes referred to as the Huang-Rhys factor [40]. N is the occupation factor of the vibrational
mode
1
N = h̄ω =(k T )
:
(5.14)
e vib B
1
Im are the modified Besselfunctions. h̄40 is an energy shift of the electronic ground
state caused by fact that when the nuclei are allowed to relax the system can gain
energy. Similarly h̄41 is the energy shift of the upper electronic level. The physics
contained in the above expression for the polarizability is often described by a configurational coordinate diagram, Fig. 5.2. The horizontal axis of this diagram describes the normal “vibrational” coordinates, q, of the system. The vertical axis
corresponds to electronic energies. The lower curve describes the ground state of
the system. Due to the coupling between the electrons and the nuclei the minimum
q-value is shifted from q = 0 to q(0) and the electronic energy is changed from E0
to E0 h̄40. The upper curve describes the potential energy curve of vibrations and
electrons of the excited electronic state. The minimum q-value for this parabola is
q(1) and the minimum energy is E1 h̄41. During an optical transition the coupled
electronic-vibrational system is lifted from the ground state to the excited state (two
possibilities are given by lines A and B). If the energy of the absorbed photon is
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E0− h∆0
Figure 5.2: Typical configurational coordinate diagram.

larger than the energy difference between the minima (such as line B) the excited
system tries to find the new equilibrium (the minimum of the upper parabola). During this process one or many vibrational quanta may be created. In the Einstein
model a transition with non-zero probability occurs if the energy of the absorbed
photon matches the energy between electronic levels plus the energy of one or many
vibrational quanta [see Eq. (5.13)]. The probability that a transition where m vibrations are created is determined by the modified Bessel function, Im. The direct
transition between the potential minima (line A in Fig. 5.2) is called the zero-phonon
line and involves no vibrations during the optical step. Let us introduce f as the vibrational energy divided by the thermal energy, f = h̄ωvib =kBT . In the limit f ! ∞
(low temperatures) the polarizability becomes [33]
µν

αµν (ω) = α0 e

g

∞

gm
ω10ωm
∑ m! (ωm)2 ω2 iωL :
m=0

(5.15)

Notice that the peaks in the σ(ω) spectrum in the low temperature regime follow
a Poisson distribution. The prefactors, e g gm =m!, determining the strength of a
transition are called Franck-Condon factors. In Fig. 5.3 the extinction cross section
σ(ω) for f = 1 (intermediate temperatures) is plotted. For low temperatures all
peaks are located above the uncoupled response frequency while in the intermediate
temperature regime (as seen in Fig. 5.3) there are peaks below this value due to the
fact that there are thermally excited vibrations in the system.
We have in this chapter introduced the molecular polarizability, which related
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ωvib

σ(ω)

↔

m=0 →

ω

Figure 5.3: The extinction cross section σ(ω)

 ωImα(ω) as a function of ω for electron-

vibration coupling, g=3 and intermediate temperatures, f = 1. Due to the electronvibrational coupling vibration are created during the optical transition. The vertical dotted
line correspond to the position of ω10 .

the induced dipole moment to the electric field at a molecule. The results obtained
in this chapter give a background to chapter 6 and paper I, where the interaction
between electric fields and molecular aggregates is studied.
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CHAPTER 6

Electromagnetic response of
molecular aggregates
In this chapter we describe the interaction between a molecular aggregate (a system consisting of molecules that have negligible electronic overlap) and an external
electromagnetic field, including local field effects. This chapter is directly related to
papers I and V. In paper I general molecular aggregate response is treated using a
quantum mechanical approach. Paper V deals with the response of an ellipsoidal cell
membrane (a molecular aggregate, see introduction) at frequencies where membrane
molecular resonances are important.
Let us consider the interaction between a set of polarizable molecules and an
external electric field, ~
E0 (~r; t ) = ~
E0 exp [i(~k ~r ωt )] where~k is the wavevector (j~kj =
k = 2π=λ where λ is the wavelength) and ω the frequency of the field. Each molecule
“feels” a local electric field ~
Eloc which is the superposition of the external field and
the induced dipolar field from all the other molecules in the system (see Fig. 6.1).
In the linear regime the induced dipole moment ~p(~r ) of a molecule at a position ~r is
proportional to the local field ~
Eloc (~r), i.e.,
~ (~ )

pr

= 4πε0

$

~
α E
loc (~r);

(6.1)

$

where α is the polarizability (a 33 tensor) of the molecule (see previous chapter)
and ε0 is the permittivity of vacuum as before. When the molecules are situated in
a medium of relative dielectric constant εm we make the replacement ε0 ! ε0 εm .
Explicitly the local electric field at molecule j at position ~r j is [42, 43, 44, 45, 46]
N

$

Eloc; j = ~
E0; j + ∑ κ ji ~pi ;
~

i=1

41

(6.2)

6 Electromagnetic response of molecular aggregates

where ~
E0; j = ~E0 (~r j ), ~p j = ~p(~r j ) and the dipole coupling tensor is
µ

µν
κi j

=

(ri
k3
[A(kri j )δµν + B(kri j )
4πε0

A(x)
B(x)

=

(x

1

=

(

x

+ ix
1

2

3ix

x
2

3

ix
)e ;
3

+ 3x

r j )(riν
µ

ri2j

ix
)e ;

rνj )

]

(6.3)

where ri j = j~ri ~r j j and µ; ν denotes vector components (µ; ν = x; y; z). Often the
distance between electromagnetically interacting molecules is much smaller than
the wavelength (the wavelength of optical fields ranges from about 400 nm to 650
nm). In this limit the dipole coupling tensor takes the form [27]:
µ

µν
κ̃i j =

3(ri
1
[
4πε0 ri3j

r j )(riν
µ

rνj )

ri2j

δµν ]:

(6.4)

We point out that the local electric field is in general different from the total macroE (see chapter 4). The macroscopic field ~
E is an average over a miscopic field ~
croscopically large (but macroscopically small) region of space, whereas the local
field is the true microscopic field at the molecule. Eq. (6.1) together with Eq. (6.2)
constitute a self consistency equation for the induced dipole moments f~p j gNj=1 in the
system. We notice that the two entities appearing in the description of the interaction
between electromagnetic fields and molecular aggregates are the polarizability of
each molecule (see previous chapter) as well as the dipole coupling tensor [41, 47].
The approach given here is semiclassical; it combines classical expressions for the
dipolar field with the molecular polarizabilities (which are quantum mechanical entities). In paper I we derive Eqs. (6.1) and (6.2) using a quantum mechanical scheme.
The classical entity ~p j is then replaced by the corresponding quantum mechanical
expectation value and the expression for the polarizability comes out naturally from
the analysis and does not have to be taken from a separate calculation.
For the case when all molecules in the aggregate are identical Eq. (6.1) can be
formally solved. We introduce a unitary matrix, Uil , that diagonalizes the dipoledipole coupling (κ̃ jk ), i.e., U satisfies

∑ Up j1κ̃ jkUkl = κ̄l δ pl

:

(6.5)

j;k

The columns of U are, by standard linear algebra, the eigenvectors of the matrix κ̃ jk j j6=k , κ̃ j j = 0. Applying this transformation to Eqs. (6.1) and (6.2) and
assuming a scalar polarizability for all molecules (taken to be identical) we get
p̄l = Ē0;l =[(4πε0 α) 1 κ̄l ] where p̄l = ∑ j Ul j 1 p j and Ē0;l = ∑ j Ul j 1E0; j . The extinction cross section, Eq. (4.7), can be written in terms of the U -matrix according
to
k
fl
 = k Im
σ(ω) =
U
p̄
E
Im
;
(6.6)
il
l
∑
∑
0
;
i
1 κ̄
jE0j2ε0 l;i
ε0
(
4πε
α
)
0
l
l
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Figure 6.1: Equipotential lines and electric field distribution around a dipole. A molecule

placed near this dipole “feels” a local field consisting of both the external as well as the
dipole field.

where we have assumed that the wavelength is much larger than the aggregate so that
we can assume E0;i = E0; j . We have also defined fl  j ∑i Uil j2 , where fl satisfies the
sum rule: ∑l fl = N. If we now insert the expression for the polarizability, Eq. (5.6)
for a two-level molecule, we obtain
σ(ω) = 4πk Im ∑ fl
l

α0 ω210
ω2l ω2 iωL

=

πd 2
fl ω10 δ(ω  ωl );
ε0h̄c ∑
l

(6.7)

where d is the transition dipole moment of each molecule and the normal mode
energies are
(6.8)
h̄ωl  h̄ω10 (1 α0 κ̄l )1=2 :

We have assumed the damping, L, to be “small” (L ! 0+ ) above. The extinction
cross section is a sum of delta functions located at frequencies ωl given by Eq. (6.8).
The strength of a peak l is determined by the oscillator strength, d 2 fl .
For many problems there is no analytical solution available. One then has to
solve the above equations numerically. Let us discuss two numerical codes which
are available free of charge. Both of these codes can be downloaded from the webpage http://atol.ucsd.edu/˜pflatau/. MarCoDES is a numerical FORTRAN package
developed by V.A. Markel, New Mexico State University. It is designed to solve
coupled dipole equation for arbitrary clusters of point dipoles. The numerical cost
of the algorithm used scales as N 3 , where N is the number of monomers in the aggregate. DDSCAT is a FORTRAN package designed to solve the same equation
as MarCoDES. It is created by B.T. Draine, Princeton University Observatory and
P.J. Flatau, University of California. It uses Fast Fourier Transform (FFT) algorithms
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to solve the dipole equation. This method scales as NlnN, i.e., it is much more efficient for large systems than MarCoDES. The drawback of the FFT technique is that
it requires a square lattice on which the molecules are placed.
By using the formal expression Eq. (6.7) we see that ( ∑l fl = N) the extinction
cross section satisfies
Z
Z
σ(ω)dω = N σ(ω)jsingle mol: dω:
(6.9)
i.e., the integral of the extinction, σ(ω), over all frequencies gives a constant independent on the state of aggregation - it satisfies a sum rule. The induced Coulomb
coupling between the constituting molecules cannot change the total absorption,
only change how the absorbed energy is divided onto different absorption bands
- redistribution of spectral strength. N is the number of molecules as before. The
integrated extinction for a single molecule is discussed in appendix D. If the vibrational coupling is neglected the above expression takes the simple form [using the
sum rule for a molecule with n electrons, Eq. (D.6)]

Z

σ(ω)dω =

πnNe2
:
mcε0

(6.10)

m and e are the mass and charge of the electron respectively. Note the integrated
extinction is proportional to the total number of electrons in the system, nN. The
above sum rules are useful for testing the validity of numerical results for the extinction cross section.
We have in this chapter given the relevant equations [see Eqs. (6.1) and (6.2)] for
the electric response of a molecular aggregate. The important entities appearing in
these equations are the polarizabilities for the constituting molecules as well as the
dipole coupling tensor. The results obtained here provides a background to paper
I (general molecular response using a quantum mechanical approach) and paper V
(response of an ellipsoidal cell membrane).
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CHAPTER 7

Electromagnetic response of
electrolytes
In this chapter we derive an expression for the low frequency dielectric function of
an electrolyte consisting of two types of ions by using the diffusion equation. We
also discuss the dielectric function at higher frequencies. The result for the zero
frequency dielectric function obtained in this chapter is related to paper II, in which
electrostatically driven polymer motion through an electrolyte is investigated. The
high frequency dielectric function enters the results obtained in paper V (electric
response of ellipsoidal cells at high frequencies).
Consider a solution of two types of particles (type 1 and 2 respectively) with
charge q j ( j = 1; 2) and friction constant ξ j immersed in a solvent. For the case of
low Reynolds number the probability Pj (~x; t ) of finding a particle of type j at position ~x at time t is given by the Smoluchowski equation, Eq. (2.5), provided that the
solution is ”sufficiently” dilute. The force appearing in the Smoluchowski equation
in general has several contributions; the force from the external field, the Coulomb
force from the electric field from the the other ions in the system, hydrodynamic
forces etc. We recall (see chapter 4) that in order to determine the dielectric function
we must obtain the induced charge density ρind . The density n j (~x; t ) of particles of
type j is simply obtained by multiplying the probability of finding a particle of type
j at position ~x at time t, Pj (~x; t ), by the equilibrium density n0j , i.e.,
n j (~x; t ) = n0j Pj (~x; t );

(7.1)

where n0j = N j =V and N j is the total number of particles of type j and V is the
volume of the system. The total density is n = n1 + n2. We require charge neutrality
q1n01 + q2 n02 = 0, i.e., that the equilibrium charge density is zero. Combining Eq.
(7.1) with the Smoluchowski equation, Eq. (2.5), we obtain the diffusion equation
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for n j :

∂n j (~x; t )
∂t

=

1~
∇[kB T ~∇n j (~x; t )
ξj

q j ~Eloc (~x; t )n j (~x; t )];

(7.2)

where we have used the fact that the electric force on a charged particle is q j ~Eloc ,
where ~Eloc is the local field at the particle (including both the external as well the the
Coulomb field from the other ions). We have above neglected hydrodynamic forces
between the particles. We now proceed by writing
n j (~x; t ) = n0j + n̄ j (~x; t );

(7.3)

where the induced density n̄ j (~x; t ) is caused by the presence of the external field. For
the case that the external field is weak we expect n̄ j (~x; t )  n0j . Then the diffusion
equation Eq. (7.2) becomes, to first order in the electric field,
∂n̄ j (~x; t )
∂t

=

1~
∇[kB T ~∇n̄ j (~x; t )
ξj

q j ~E (~x; t )n0j ];

(7.4)

where we have used a random phase approximation [28] and replaced ~Eloc (~x; t ) 
~ (~
E
x; t ) i.e., we have replaced the local field by the total macroscopic field. The
macroscopic field ~
E is an average over a microsopically large but macroscopically
small region of space. For the situation that we have freely moving particles which
we discuss here one may argue that the electric field is sufficiently “smoothed out”
to allow such an approximation [28]. However for the case of a molecular aggregate
where the position of the constituting molecules are fixed (as discussed in the previous section) the local and total electric field are in general not theR same.
R Let us now
4
3
proceed by introducing the Fourier transform A(~x; t ) = (1=2π) d q dω exp [i(~k 
~
x ωt )]A(~k; ω) of all quantities. Eq. (7.4) can then be solved for n̄ j (~k; ω) according
to
q j n0j D j
1
~
~
n̄ j (k; ω) = i
k  ~E ;
(7.5)
kB T
iω + D j k2
where we have introduced the diffusion constant of ions of type j according to D j =
kB T =ξ j . Let us now proceed to identify a dielectric function for the electrolyte. By
combining Eqs. (4.3) and (4.10) we find
k  ~D(~k; ω) = ε0~k  ~E (~k; ω) + iρind (~k; ω);

~

(7.6)

where we have used the fact that ρind is related to the polarization vector according
to ρind = i~k  ~P [see Eq. (4.3)]. Furthermore using the fact that ρind = q1n̄1 + q2 n̄2
and inserting the explicit expression, Eq. (7.5), for the induced density we obtain
~
k  ~D(~k; ω) = ε(k; ω)~k  ~E (~k; ω), where the dielectric function is [see Eq. (4.11)]
ε(k; ω) = ε0 εm [1 + ∑
j
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q2j n0j D j
ε0 εm kB T

1
iω + D j k2

];

(7.7)

which depends on frequency, temperature and wavevector. The particle parameters
entering the dielectric function is the charge q j as well as the density n j . The diffusion constant D j (or the friction constant ξ j ), which also enters into the dielectric
function depend on both solvent (through the viscosity) and ion properties (the hydrodynamic “effective radius” of the ion). We have also in the final expression for
the dielectric function, Eq. (7.7), introduced the dielectric response of the solvent
molecules; we assume that the only role the solvent molecules have in the electric
response is to screen the local field through the solvent relative dielectric constant
εm (we thus make the replacement ε0 ! ε0 εm ). We recall that we have employed
the Smoluchowski equation in order to obtain the above expression for the dielectric
function of an electrolyte, i.e., neglected inertia. We furthermore point out that we
have neglected hydrodynamic couplings to obtain the above dielectric function as
well as made a random phase approximation.
Let us proceed to investigate some limits. We first study the zero frequency limit
ω ! 0, but retain a finite wavevector. The dielectric function then becomes
ε(k) = ε0 εm (1 +

2
kD
);
k2

(7.8)

where we have introduced the Debye screening wavevector
kD = ( ∑
j

q2j n0j
ε0 εm kB T

1=2

)

:

(7.9)

We point out that Eq. (7.8) has the same form as the Thomas-Fermi static dielectric
function for metals [48]. Let us consider the physical significance of the Debye
wavevector by introducing a test point charge with charge Ze into our electrolyte.
The external potential (i.e., potential in the absence of any electrolyte) around the
test charge is Φext (r) = Ze=4πε0 r. In Fourier space we have Φ(k) = Ze=ε0 k2 . The
2)
screened potential in the electrolyte is then Φ(k) = Ze=ε(k)k2 = Ze=ε0 εm (k2 + kD
or in real space
Ze
Φ(r) =
e r=lD ;
(7.10)
4πε0 εm r
where we have introduced the Debye screening length lD = 1=kD . We see that the
potential vanishes for distances larger than the Debye screening length away from
the test charge, i.e., the test charge is screened over distance larger than lD by the
mobile ions. The relative dielectric constant of water is  80. At room temperature
one then typically finds that the Debye screening length is  1 10 nm for 0.001-0.1
M solutions [49]. The zero frequency dielectric function Eq. (7.8) can be obtained in
a different way: By combining the first of Maxwell’s equations in Eq. (4.8) with Eq.
(4.12) we get the Poisson equation ∇2Φ = ρ=ε0. The total charge density ρ has
one induced and one external component according to Eq. (4.2). The induced charge
density is as before ρind = ∑ j q j n̄ j (~x; t ). Since we assume no time dependence (zero
frequency) the induced density is simply given by its equilibrium result, i.e.,
n̄ j (~x; t ) = n0j (e

βq j Φ

1) 

n0j βq j Φ;

(7.11)
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where we have assumed that the thermal energy kB T is larger than the potential
energy q j Φ for a particle in the electrolyte in order to make a linear approximation.
Inserting this result into the expression for the induced charge density and using the
2 Φ) = 0,
charge neutrality condition, the Poisson equation becomes ε0εm (∇2 Φ kD
where we have made the replacement ε0 ! ε0εm to account for the solvent and
assumed that ρext = 0. Taking the Fourier transform of this equation and comparing
to the Fourier transform of Eq. (4.13) the dielectric function is identified as the same
one as given by Eq. (7.8). In this derivation of the dielectric function we made a
linear approximation in Eq. (7.11). If the potential energy is not small compared to
the thermal energy such an approximation is not justified and one has to retain the
exponential in Eq. (7.11). The corresponding non-linear equation for the potential is
called the Poisson-Boltzmann equation [50, 13].
Let us investigate the limit of zero wavevector ~k ! 0. Eq. (7.7) then becomes
ε(ω) = ε0 εm +

iσ0
;
ω

(7.12)

where σ0 = ∑ j q2j n0j D j =kB T is the static conductivity of the electrolyte [51]. We see
that at zero frequency we have ε ! ∞. This behaviour has the effect that for instance
the field inside a cell is “perfectly” screened (see the solution of Laplace equation
for an ellipsoidal particle in section 4.2). One can similarly solve Laplace equation
for a flat dielectric membrane surrounded by electrolytes on either side, with a static
external field along the membrane normal using the dielectric function above. Since
ε ! ∞ there is no electric field in the electrolyte but the potential drop occurs only
across the membrane (in a more detailed study one must take ~k 6= 0. One then finds
that the potential (at ω = 0) extend a distance  lD out from the surface [50]). These
results are important for paper II, where electrostatically driven charged polymer
motion through a nanopore in a membrane is studied.
Strictly speaking the results obtained so far are only valid at “infinitely” diluted
electrolytes. At larger concentrations one must be careful to include hydrodynamic
couplings, as well as the local field. The result of such an investigation gives that the
static conductivity σ0 in Eq. (7.12) is replaced by the conductivity [49, 51, 52, 53]:
σ(ω) = σ0 (1

ΛE kD

ΛR kD )

(7.13)

where ΛE and ΛR are positive constants (with dimension of length) which are independent of the concentration. The first correction term to the conductivity is the so
called electrophoretic correction and has the following physical origin: The motion
of an ion cause motion of its screening cloud, which in turn induce a motion of the
solvent. This solvent motion is felt by the ion. The electrophoretic correction is thus
of hydrodynamical origin [51]. For the case that the ions have identical friction constants, which can be written using Stoke’s law [see Eq. (2.18)] ξ = 6πηR where R
is the “radius” of ions we have ΛE  R [49]. The importance of the electrophoretic
correction is thus determined by the ratio between the radius of the particle and the
Debye screening length, R=lD . The second correction is the so called relaxation correction: The motion of the ion changes the charge distribution of the screening cloud,
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which in turn cause an additional field (local field correction) on the ion. For the case
that the ions have identical friction constants and identical but opposite charges, we
2
have ΛR  q2 =(ε0 εm kB T )  kD
=n, where n = n1 = n2 [49]. The significance of the
relaxation correction is thus determined by the ratio between the inverse concentration and the Debye screening volume, 1=(nlD3 ). The relaxation correction has a low
frequency dispersion as a result of screening cloud relaxation (the so called DebyeFalkenhagen effect) [52]. Explicitly the characteristic time scale of relaxation for the
screening cloud is τ  lD2 =D where D is the diffusion constant of the ions (assumed
equal for all ionic species) [53]. Using D  10 5 cm2 /s and lD  10 nm [49] we
find τ  10 7 s, which corresponds to frequencies ω  107 Hz [53]. It is interesting to note that both the corrections to conductivity are proportional to the Debye
screening wavevector, i.e., to the square root of the concentration. Furthermore both
corrections are negative, which has the effect that the specific conductivity (conductivity divided by the molar concentration) is decreased as the concentration of ions
is increased. One typically finds that (σ0 σ)=σ0 vary between 0.05 and 0.50 for
0.001-0.10 M solutions [49].
Let us finally discuss the dielectric function at higher frequencies. We recall that
the implicit approximation used for obtaining Eq. (7.7) is that we neglect particle inertia, which corresponds to the assumption that we do not study processes occurring
on a time scale smaller than τ p = m=ξ, where m is the mass of the particle, which
corresponds frequencies above ω p = 1=τ p . The mass of an ion (such as potassium
or chloride ion) is  10 25 kg, whereas its diffusion constant is D  10 5 cm2/s [54]
leading to ω p = 1013 Hz [52, 55]. As long as we stay below this frequency we are
justified (as we have done so far) in neglecting inertia effects. One must also in general include relaxation effects of the solvent, i.e., frequency dependent of the friction
constant. As we saw in section 2.2 this frequency dispersion occurs at frequencies
ω f = 1=τ f , where the relaxation time is τ f = m f =ξ and m f is the displaced fluid
mass. This relaxation time is hence of the same order of magnitude as the particle
relaxation time τ p . Another complication in the study of high-frequency response
of an electrolyte is that the solvent usually consists of water molecules (which are
dipolar) and therefore dipolar relaxation effects introduce a frequency dispersion in
the dielectric function. Experimentally one finds that this dispersion occurs at frequencies ω  1011 1012 Hz [54]. At higher frequencies the dielectric function of
water is described by a (real and frequency independent) relative dielectric constant
ε∞  5 [54]. This result is important for the discussion of the high frequency response (at optical frequencies ω  1015 Hz) of an ellipsoidal cell in paper V. The
cell (vesicle) interior and the surroundings are there assumed to have real frequency
independent dielectric functions and that therefore the only frequency dependence
comes from the membrane molecular polarizabilities.
We have in this chapter investigated the electric and electromagnetic response of
an electrolyte. For dilute electrolytes and low frequencies the result is given in Eq.
(7.7). In particular we have introduced the Debye screening length (the length over
which a test charge is screened out in an electrolyte) which is an important entity for
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electrolytes. The results obtained here give a background to papers II and V.
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CHAPTER 8

Summary and outlook
In this thesis the interaction between electric, magnetic and electromagnetic fields
and living matter, taking as our starting point the cell, is investigated. The cell and
its constituents prove to be an interesting physical system, requiring concepts and
methods from diverse fields of physics [56]. We have here encountered physical
problems such as fluid mechanics, polymer and membrane (soft matter) physics.
Furthermore the electric and electromagnetic response of molecules, molecular aggregates (such as the cell membrane of the photosynthetic unit) and electrolytes has
been discussed.
The five research papers included in this thesis are studies related to electromagnetic field interaction with living matter: Paper I provides a theory for the electromagnetic response of a molecular aggregate. In particular it describes how the
induced dipole coupling between the molecules in the aggregate gives rise to collective resonances. The frequency distribution of these resonances depend on the
geometric arrangement of the constituent molecules, and the results in paper I can
therefore be used by experimentalist in order to obtain the shape of their investigated
system. In artificial photosynthesis the aim is to mimic Nature’s way of using specially designed aggregates for harvesting sunlight; the insights provided in paper I
could help in the proper design of such artificial photosynthetic aggregates. Paper II
deals with the passage of charged polymers, in an electrolyte, driven by a static applied voltage through a nanopore in a cell membrane. We find that the flux (number
of polymers passing through the pore per unit time) has a threshold voltage. Above
this threshold the flux depends exponentially on applied voltage. Polymer transport
through nanopores occur in many biological processes including DNA transfer from
a virus to a host cell. The understanding of such processes (and how to prevent them)
are thus of importance in biology and medicine. Translocation of polymers (such as
DNA or proteins) through nanopores could also find technological applications such
as sequence determination of DNA or analyte detection. Paper III investigates the
drift velocity of particles in a viscous liquid under the influence of an electromag51
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netic field intensity gradient. At off-resonant frequencies the drift velocity is found
to be proportional to the squared length of the principal axis along the direction
of motion (size). Near a resonance frequency the drift velocity is sensitive to the
shape of the particle. The techniques discussed in this paper could find applications
such as the characterization or separation of solutions consisting of particles (for instance cells or antibodies) of different shapes or sizes. Paper IV gives the solution
of Gauss equation for an ellipsoid with an anisotropic coating (the coating dielectric
function being different parallel and perpendicular to the coating normal). In the
general case the solutions of this equation can be written in terms of solutions to
Heun’s equation. For the case of spheroids the solutions are given using hypergeometric functions. Many particles belong to the class of ellipsoidal particles with
anisotropic coatings. Particularly interesting examples include cells and fullerenes,
for which the results of paper IV can be used for understanding the electric, magnetic
and electromagnetic response properties. Paper V, which describes the interaction
of electromagnetic fields and ellipsoidally shaped cell membranes, connects paper
I and IV. If the constituent membrane molecules has one prominent resonance frequency then the dipole coupled membrane has two new resonance frequencies. The
geometric weight for the oscillator strengths of the resonances are sensitive to shape,
which allows for experimental determination of cell shapes (for instance using the
separation techniques described in paper III). The electromagnetic response of celllike structures is currently a hot topic. Knowledge coming from this field of science
will have a large potential impact on future human friendly design of for instance
mobile phones; a recent survey of problems related to interactions between radiofrequent fields (like the ones mobile phones produce) with biological systems can be
found in [57].
Let us finally comment on the role of physics in biology. It is nowadays not
uncommon to take the view that the genetic code contains all relevant information
about a living being. One then forgets, however, that physical laws were present
long before the first organisms, and that Nature and evolution therefore has to play
by the laws of physics - a bird cannot turn off gravity, a bacteria can move only at
low Reynolds numbers, proteins rely on physical forces for obtaining its three dimensional structure etc. Understanding the properties of living matter thus requires
not only the genetic code, but also the physical forces which determines the rules
which constrain the genetic code. At relevant cellular length scales ( 10 10 10 5
m) the electromagnetic force is in general the most important one of the four forces
of Nature. This thesis provides concepts and results relevant for the electromagnetic response of living matter and it is the hope that physicists who want to pursue
research in this important and interesting field of physics find the thesis useful.
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APPENDIX A

Ellipsoidal coordinates and elliptic
integrals
In this appendix we give the definition of ellipsoidal coordinates and other entities
useful for problems of ellipsoidal symmetry.
The ellipsoidal coordinates, (p=)ξ, η and ζ, are given by the roots to the cubic
equation [32]
x2
y2
z2
+
+
= 1:
(A.1)
a2x + p a2y + p a2z + p
For ax  ay  az, the range of the ellipsoidal coordinates are: ξ  a2z , a2z 
η  a2y and a2y  ζ  a2x . Solving the above equation we obtain the Cartesian
coordinates according to

[ (ξ +(aa2x )(ηa2+)(aax2)(ζa+2)ax ) ]1 2
2

x

=

2

2

=

y

=



z

=



;

y
x
z
x
2
2
(ξ + ay )(η + ay )(ζ + a2y ) 1=2
]
[
;
(a2z
a2y )(a2x a2y )
(ξ + a2z )(η + a2z )(ζ + a2z ) 1=2
]
[
:
(a2x
a2z )(a2y a2z )

(A.2)

Laplace’s equation in ellipsoidal coordinates is [32]:
∇2 Φ

=

4
(ξ
+(ζ

η)(ζ

[(η

ζ)R(ξ)

ξ)(η ζ)
∂
∂Φ
ξ)R(η) (R(η) ) + (ξ
∂η
∂η

∂
∂Φ
(R(ξ)
)
∂ξ
∂ξ
∂
∂Φ
η)R(ζ) (R(ζ) )] = 0; (A.3)
∂ζ
∂ζ

where
R( p) = [(a2x + p)(a2y + p)(a2z + p)]1=2:
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A Ellipsoidal coordinates and elliptic integrals

Let us now define
Ω(ξ)  πax ayaz

Z
ξ

and

∞

x2
y2
z2
dξ0
(
+
+
R(ξ0 ) a2x + ξ0 a2y + ξ0 a2z + ξ0

Z

1)

(A.5)

dξ0
(A.6)
0 ;
ξ R(ξ )
where ξ is the positive square root of Eq. (A.1) as before. Both χ and Ω satisfy
χ(ξ)  ax ay az

∞

∇ 2 Ω = 0;
∇ 2 χ = 0;

(A.7)

i.e., they are solution of Laplace’s equation. Let us also introduce the elliptic integrals of the second kind (v = x; y or z)
Z∞
dξ0
:
(A.8)
γν (ξ)  ax ay az
2
ξ (aν + ξ0)R(ξ0 )
γv satisfies the equations [14]
2 ∂γν
= 0;
(A.9)
v ∂v
where v = x, y or z as before. We also derive expression for the derivatives of Ω. We
find (notice that ξ depends on x)
∇2γν +

∂Ω
∂x

= 2πγx x

πaxay az(

x2
a2x + ξ

+

y2
a2y + ξ

+

z2

1)

a2z + ξ

1 dξ
R(ξ) dx

= 2πγx x;

(A.10)

where we have used Eq. (A.1). In an identical fashion we obtain
∂Ω
∂y
∂Ω
∂z
We now define

=

2πγy y;

=

2πγz z:

Q  χ(ξ = 0)=2 =

ax ay az
2

and the so called depolarization factors
nν  γν (ξ = 0)=2 =

ax ay az
2

Z

(A.11)

Z

∞
0

0

∞

dξ0
R(ξ0 )

dξ0
:
(a2ν + ξ0 )R(ξ0 )

(A.12)

(A.13)

It is straightforward to show that the depolarization factors satisfy the sum rule:
nx + ny + nz = 1:

(A.14)

From this sum rule we directly obtain (by symmetry) the depolarization factors for a
sphere: nx = ny = nz = 1=3. It also follows from the definitions of the depolarization
factors that
nx < ny < nz if ax > ay > az ;
(A.15)
i.e., the depolarization factor is smallest (largest) for the largest (shortest) axis.
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APPENDIX B

Differential geometry
This appendix is an attempt to develop the necessary mathematical theory of curved
surfaces in three dimensional space. The apparatus for dealing with curved surfaces
is differential geometry and topology.
Consider a curve in three dimensional Euclidean space. A curve is fully characterized by one parameter, t, such as t ! (x(t ); y(t ); z(t )). In specifying a surface we
need two parameters, u and v, to fully describe it
u; v ! ~x(u; v) = (x(u; v); y(u; v); z(u; v)):

(B.1)

We also require that the dependence on the parameters should be smooth. A surface
is thus completely specified in a region of three dimensional Euclidean space by two
parameters. We therefore expect that it is possible to treat any surface as a “two
dimensional entity” without any reference to three dimensional space. It is the aim
of this section to develop the mathematical tool (differential geometry) that allow
such a treatment. In particular we describe the first and second fundamental forms
which allow a complete description of the surface.
Let us consider the tangent plane at some point p, see Fig. B.1. The vectors
∂~x=∂u and ∂~x=∂v are parallel to the surface and hence span the tangent plane. The
basis f∂~x=∂u; ∂~x=∂vg is called the coordinate basis in the neighbourhood of p. Many
entities of interest involve the local tangent plane. For instance consider the element
of length, ds2 , in three dimensional Euclidean space:
ds2 = d~x  d~x = dx2 + dy2 + dz2 ;

(B.2)

where a dot denotes scalar multiplication. From the parametrization, Eq. (B.1), of
a surface we see that (using the chain rule: d~x = (∂~x=∂u)du + (∂~x=∂v)dv - expanding in the coordinate basis) the element of length between two infinitesimally close
points is (u1 = u and u2 = v)
ds2 = ∑ gi j dui du j ;
i; j
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Figure B.1: The tangent plane at a point p on a sphere. The arrows indicate the tangent

vectors ∂~x=∂u and ∂~x=∂v.

where

∂~x ∂~x
 :
(B.4)
∂ui ∂u j
Eq. (B.3) is called the first fundamental form and expresses the element of length
in terms of u and v. The 22 tensor gi j is called the metric tensor (note that gi j is
symmetric, i.e., g12 = g21). For the case of a plane surface with its normal parallel
to the z-axis the length element is ds2 = dx2 + dy2 and hence the metric tensor is
gi j =

gi j  ηi j =



1 0
0 1



:

(B.5)

The above tensor is called the flat metric tensor. The inverse of the metric tensor is
denoted gi j and is hence a tensor that satisfies

∑ gi j g jk = δik

;

(B.6)

j

where δik is the Kronecker delta. As an example consider the element of length for a
cylindrical surface (in cylindrical coordinates): ds2 = dz2 + ρ2 dφ2, where ρ (=constant) is the radius of the cylinder and φ is the angle of rotation around the z-axis. By
simply making the reparametrization z ! z; ρφ ! t the element of length becomes
ds2 = dz2 + dt 2 and hence the metric tensor in this parametrization is simply the
same as for a flat surface ηi j . We notice that the first fundamental form therefore
does not completely characterize a surface. Two surfaces for which it is possible to
find parametrizations such that their first fundamental forms are the same are said
to be isometric. The cylinder is hence isometric to the plane (the cylinder can be
“unrolled” into a plane).
The first fundamental form contains all necessary information for calculating
metric properties such as arc length or area (but does not fully characterize the surface). Let us calculate the area element dS: the area of a small parallelogram on S is
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given by j∂~x=∂u  ∂~x=∂vj. Using the mathematical identity
∂x ∂x 2
∂x ∂x 2
∂x 2 ∂x 2
j ∂u
 ∂v j + ( ∂u
 ∂v ) = j ∂u
j j ∂v j
~

~

~

~

~

~

;

(B.7)

we find the area element
q
∂~x ∂~x
p
(B.8)
dS  j  jdudv = g11g22 g212dudv = gdudv;
∂u ∂v
where g  detgi j . The area element is hence given by the square root of the determinant of the metric tensor.
As we saw in the example with the cylinder the first fundamental form does not
completely characterize a surface. To do this we must go beyond metric properties
of the surface and look into also the curvature of the surface. Let ~x(u; v) be a parametrization of the surface in the neighbourhood of a point p. The distance from a
point q = ~x(u; v) to the tangent plane at p = ~x(0; 0) is (see Fig. B.2)
x 0 0)]  N̂ ( p);

s = [~x(u; v)

~( ;

(B.9)

where N̂ ( p) is the normal to the tangent plane at p:
∂~x ∂~x ∂~x ∂~x
 )=j  j:
∂u ∂v ∂u ∂v
Let us now Taylor expand around p according to:
N̂ = (

(B.10)

q=x(u,v)
s

→

N(p)

tangent plane

p=x(0,0)

Figure B.2: A cut through a surface along the normal.

∂~x
∂~x
1 ∂2~x
∂2~x
∂2~x
2
dudv + 2 (dv)2 ]: (B.11)
~
x(u; v) = ~x(0; 0) + du + dv + [ 2 (du) + 2
∂u
∂v
2 ∂u
∂u∂v
∂v
Inserting this expansion into Eq. (B.9) and using the fact that the vectors ∂~x=∂u and
∂~x=∂v lie in the tangent plane at p we find (u1 = u and u2 = v)
s=

1
hi j dui du j ;
2∑
i; j

|

{z
Π

(B.12)

}
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where

∂2~x
hi j = i j  N̂ :
(B.13)
∂u ∂u
Π is called the second fundamental form and measures curvature of a surface. In
particular for a plane the normal distance to the tangent plane is everywhere zero
and Π  0. The tensor hi j is called the curvature tensor (note that hi j is symmetric).
In principle there are infinitely many possible choices of basis vectors that span
the tangent plane at some point p. We have so far used the coordinate basis which
we introduced in connection to the first fundamental form. Let us now introduce a
basis which is connected to curvature and hence the second fundamental form. The
normal vector field N̂ introduced in Eq. (B.10) allow us to measures curvature along
a curve on the surface; the normal N̂ along a curve on a plane is everywhere a constant, whereas for a curved surface, N̂ in general varies along the curve. Therefore
the derivatives ∂N̂ =∂u and ∂N̂ =∂v are convenient measures of curvature since these
entities yields zero for a plane. Furthermore the vectors ∂N̂ =∂ui lie in the tangent
plane at a point p, since from the normalization condition N̂  N̂ = 1 we obtain by differentiation N̂  ∂N̂ =∂ui = 0. The basis f∂N̂ =∂u, ∂N̂ =∂vg is thus an alternative basis
j
to the coordinate basis which span the tangent space at p. Defining hi  ∑k g jk hik it
is straightforward to show that the above two bases are related according to [26]:
∂N̂
∂ui

∂~x

∑ hij ∂u j

=

;

(B.14)

j

i.e., related by the curvature tensor. The above relation is called the Weingarten
equations.
j
Let us now proceed by introducing invariants related to curvature. The matrix hi
relates two different sets of local basis vectors and from elementary linear algebra
we know the determinant and trace of such a matrix are invariants, i.e.,
K  dethi

j

and

= dethi j =detgi j

1
1
1
j
H  Trhi = ∑ hii = ∑ gi j hi j
2
2 i
2 i; j

(B.15)

(B.16)

are invariant under a reparametrization. The entity K is called the Gaussian curvaj
ture and H is the mean curvature at the point p. Since hi is a symmetric matrix it can
always be diagonalized. Denote the corresponding eigenvalues (the so called principal curvatures) by k1 and k2 . We can then write the Gaussian and mean curvature
according to
K = k1 k2
(B.17)
and

k1 + k2
:
(B.18)
2
The principal curvatures have simple geometrical interpretations: Let us imagine
a curved surface, S, and let N be a plane which intersects S in such a way that the
H=
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normal in a point p is parallel to N. The intersection between N and S is then a curve.
The normal curvature, kn , in this point p is defined as the inverse radius of a circle
which tangents this curve at p. kn comes with a sign: the normal curvature is negative
if the surface bends “away” from the normal of the surface and positive otherwise.
Now imagine a rotation of the plane N around the normal of S at p. We get a
continuous set of curves, all having a specific kn . The principal curvatures, denoted
k1 and k2 , are then the maximum and the minimum of this set of kn . Note that
when K < 0 the two curvatures k1 and k2 have different signs, this correspond to a
saddle point. A remarkable property of the Gaussian curvature K is that, although we
defined it entirely with the help of the second fundamental form, it can be shown that
(Theorema Egregium) that it is entirely expressible in terms of the metric tensor (and
derivatives thereof) [26]. The Gaussian curvature is therefore an intrinsic property of
the two dimensional surface without reference to its embedding in three dimensional
space. This observation provides the basis for Riemannian geometry [26, 58].
Topology is a way of characterizing surfaces according to which are continuously deformable into each other or not. Two surfaces, S1 and S2 , which are continuously deformable into each other are said to be homeomorphic, denoted S1 ' S2 .
For instance the surface of a cube is homeomorphic to that of a sphere. The sphere
is however not homeomorphic to the torus (try to continuously deform a torus to
a sphere. You will not succeed.). Topology thus describes surfaces according to
which are continuously deformable into each other or not. Differential geometry, on
the other hand, introduces different kind of measures on a surface, such as Gaussian
and mean curvatures. A connection between topology and geometry is contained in
Gauss-Bonnet’s theorem for compact surfaces, which states that the integral of the
Gaussian curvature over a compact surface is a topological invariant,
Z
KdS = 2πχ(S):
(B.19)
S

where χ(S) is the Euler characteristics of the surface. For a compact connected
surface χ(S) = 2 2g where g is the number of holes in the surface. Observe that K
is the Gaussian curvature and hence the LHS of Eq. (B.19) is a purely geometrical
entity. The RHS is on the other hand defined within topology.
We have in this appendix shown that any quantity of interest (area, mean curvature, Gaussian curvature etc) for a surface can be obtained without “leaving” the
surface; the first and second fundamental forms provide all the necessary information about the surface. We have also stated Gauss-Bonnet theorem which provides a
connection between topology and differential geometry.
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APPENDIX C

Molecular polarizabilities
In this appendix a general expression for the polarizability of a molecule is obtained.
Consider a molecule which, in the absence of any external fields, is characterized
by a Hamiltonian H0 and assume that H0 has been diagonalized giving energy levels
with energy Ek and eigenfunctions fjΦk ig. The molecular polarizability is given by
Eq. (5.1), which we write:
Z
1 i ∞ iωt
µν
dte fhjdˆµ (t )dˆν (0)ji hjdˆν (0)dˆµ (t )]jig:
(C.1)
α (ω) =
| {z } | {z }
4πε0 h̄ 0
I (t )

II (t )

Let us now evaluate I (t ) and II (t ). We have [using Eq. (5.3)]
I (t )

=

∑ ρk hΦk jdˆµ(t )dˆν(0)jΦk i = ∑ ρk hΦk jeiH0t h̄ dˆµ e
=

k

∑e
l ;k

iωlk t

iH0 t =h̄

l ;k
ˆν

ρk hΦk jd jΦl ihΦl jd jΦk i
ˆµ

jΦl ihΦl jdˆνjΦk i
(C.2)

where a parameter describing energy difference between levels: h̄ωlk = El Ek has
been defined and ρk = exp ( βEk )= ∑k exp ( βEk ) is the occupation probability
of level k (∑k ρk = 1) in the absence of the external field. Similarly we obtain
0

0

II (t ) = ∑ eiωlk t ρk hΦk jdˆν jΦl ihΦl jdˆµjΦk i

(C.3)

l ;k

Inserting the above result into the expression for the polarizability Eq. (C.1) and
carrying out the integration with respect to time, we find that the full expression for
the molecular polarizability is
αµν (ω) = ∑ Λlk

µν

l ;k

ω2lk
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ω2lk
;
ω2 iωL

(C.4)

C Molecular polarizabilities

where we taken the eigenfunctions to be real [so that hΦk jdˆµjΦl i = hΦl jdˆµjΦk i] for
simplicity and defined
µν

Λlk

= ρk

hΦk jdˆµjΦl ihΦl jdˆνjΦk i
2πh̄ωlk ε0

:

(C.5)

Damping was incorporated by the parameter L through the standard replacement,
ω2 ! ω(ω + iL). A transition can only occur if the frequency of the incoming electromagnetic field matches the energy difference between energy levels. The transition probability is determined by the square of the transition dipole matrix element.
µν
From the above relations the static polarizability, α0 (corresponding to ω = 0), is
µν
µν
found to be α0 = ∑l ;k Λlk .
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APPENDIX D

Sum rules for molecular extinction
cross sections
In this appendix we derive a sum rule for the extinction cross section for a single
molecule.
Consider the extinction cross section, Eq. (5.4), for a single molecule. Start from
the Kramer-Kronig relation, Eq. (5.5). By taking the limit of large ω, we find
Z∞
1
ω0 Im[αµν (ω0 )]dω0 = Re[αµν (ω)]jω large :
(D.1)
πω2 ∞
We have used the fact that the imaginary part of the polarizability is odd to extend the
integration to negative frequencies. By comparing with Eq. (5.4) the total integrated
averaged extinction for a single molecule satisfies the sum rule:
Z
4π2 ω2
Re[αµµ (ω)]jω large :
σ(ω)jsingle mol: dω =
(D.2)
3c
The above sum rule for the extinction is a general result. Let us now consider the
molecular polarizability given by Eq. (C.4). The real part of the polarizability for
large frequencies then becomes:
Re[α

µν

j

(ω)] ω large =

∑
l ;k

2
µν ωlk
Λlk 2 :
ω

(D.3)

The mean oscillator strength between levels l and k, flk , is defined [59]:
flk 

2mωlk
jhjΦk jxµjΦl ij2;
3h̄ ∑
µ

(D.4)
µ

where m is the mass the electron. The position operator is xµ = ∑ni=1 xi , with n
µ
being the number of electrons in the molecule and xi is the µ-component of the
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position operator for electron i. For molecular Hamiltonians of the form H0 =
∑ni=1h̄2 ∇2i =2m + V (~x1 ; ::::;~xn) (i.e., no dependence on nuclear degrees of freedom)
it can be shown that the mean oscillator strength satisfies the so called ThomasReiche-Kuhn sum rule [59, 60]
(D.5)
∑ flk = n:
l

We proceed by assuming that the dipole operator is independent on nuclear degrees
of freedom (Condon approximation) so that it can be written dˆµ = exµ . Using
the general expression for the integrated extinction, Eq. (D.2), together with Eqs.
(D.3), (C.4), (C.5), (D.4) and (D.5) the averaged extinction cross section for a single
molecule then becomes
Z
πne2
σ(ω)jsingle mol: dω =
;
(D.6)
mcε0
i.e., the total integrated extinction is a constant independent on the exact nature of
the electronic levels of the molecule. Note that the above integral is independent of h̄
and proportional to the number of electrons in the molecule. Interestingly, the result
for the integrated molecular extinction cross section contained in Eq. (D.6) follows
also from the “classical” polarizability given by Eq. (5.9).
The sum rules for the more general case, where the polarizability incorporates
couplings to nuclear degrees of freedom is discussed by Hirschfelder et al. [59].

68

